CONTACT PROJECTIVE STRUCTURES 



DANIEL J. F. FOX 



Abstract. A contact path geometry is a family of paths in a contact mani- 
fold each of which is everywhere tangent to the contact distribution and such 
that given a point and a one-dimensional subspace of the contact distribution 
at that point there is a unique path of the family passing through the given 
point and tangent to the given subspace. A contact projective structure is a 
contact path geometry the paths of which are among the geodesies of some 
affine connection. In the manner of T.Y. Thomas there is associated to each 
contact projective structure an ambient afhne connection on a symplectic man- 
ifold with one-dimensional fibers over the contact manifold and using this the 
local equivalence problem for contact projective structures is solved by the con- 
struction of a canonical regular Cartan connection. This Cartan connection 
is normal if and only if an invariant contact torsion vanishes. Every con- 
tact projective structure determines canonical paths transverse to the contact 
structure which fill out the contact projective structure to give a full projec- 
tive structure, and the vanishing of the contact torsion implies the contact 
projective ambient connection agrees with the Thomas ambient connection of 
the corresponding projective structure. An analogue of the classical Beltrami 
theorem is proved for pseudo-hermitian manifolds with transverse symmetry. 
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1. Introduction 

This paper makes a thorough study of contact projective structures, certain 
geometric structures supported by a contact manifold, {M,H). Along with con- 
formal, CR, and projective structures; path geometries; and almost Grassmannian 
geometries; contact projective structures are examples of curved geometric struc- 
tures modeled on a homogeneous quotient, G/P, where G is semi-simple and P 
is a parabolic subgroup. For contact projective structures the model G is the real 
symplectic linear group and P is the subgroup fixing a one-dimensional subspace 
of the defining representation of G, and corresponding to marking the first node on 
the Dynkin diagram G„. 

The study of the geometry of such structures is facilitated by the construction 
from some underlying geometric data, e.g. a section of a weighted tensor bundle (as 
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for conformal structures) or a foliation (as for generalized path geometries), of a P 
principal bundle supporting a {q, P) Cartan connection (for background on Cartan 
connections see |S] or QHl)- For this there are various approaches, e.g. E. Cartan's 
method of equivalence, T.Y. Thomas's ambient constructions, or N. Tanaka's Lie 
cohomological prolongations. Theorems associating canonical regular, normal Car- 
tan connections to broad classes of generalized G-structures on filtered manifolds 
have been proved by N. Tanaka, T. Morimoto, and A. Cap - H. Schichl, 
The projective and contact projective structures are exceptional for these theo- 
rems because in these cases a certain Lie algebra cohomology fails to vanish (see 
and |27|). The local equivalence problem for projective structures was in any case 
solved by various methods by E. Cartan, T.Y. Thomas, and H. Weyl in the 1920's. 
J. Harrison, , and Cap-Schichl solved the local equivalence problem for struc- 
tures corresponding to a subclass, characterized by the vanishing of an invariant 
contact torsion, of what are here called contact projective structures. The main 
result of this paper is an ambient construction in the manner of T.Y. Thomas which 
is used to associate to each contact projective structure a canonical regular Cartan 
connection which is normal if and only if the invariant contact torsion vanishes. 
('Regular' and 'normal' are used as in j^). The need to consider non-normal Car- 
tan connections seems the most interesting aspect of this paper. Additionally, the 
basic local geometry of contact projective structures is described; as an application 
there is proved a pseudo-hermitian analogue of the classical Beltrami theorem. 

Call a smoothly immersed one-dimensional submanifold a path. Call a path 
everywhere tangent to the contact distribution a contact path. 

Definition 1.1. A contact path geometry is a {4n — 5) parameter family of 
contact paths in the {2n — I) -dimensional contact manifold, [M,H), such that for 
every x € M and each L G ¥{Hx) there is a unique contact path in the family 
passing through x and tangent to L. Two such families of paths are equivalent 
if there is a contactomorphism mapping the paths of one family onto the paths of 
the other family. A contact projective structure is a contact path geometry the 
paths of which are among the unparameterized geodesies of some affine connection. 
Two contact projective structures are equivalent if and only if they are equivalent 
as contact path geometries. The contact paths of a contact projective structure are 
called contact geodesies. 

The model contact projective structure is the projectivization of a symplectic vector 
space with the family of contact lines comprising the images in the projectivization 
of the two-dimensional isotropic subspaces. A contact projective structure is flat if it 
is locally equivalent to this model. Every three-dimensional contact path geometry 
is locally equivalent to that contact path geometry determined by the solutions 
of a third order ODE considered modulo contact transformations, and the local 
equivalence problem for these structures was solved by S.-S. Chern, 8 . The study 
of the higher dimensional contact path geometries is an ongoing project of the 
author; in this paper attention is restricted to the contact projective structures. 
The study made here of contact projective structures is modeled on the classical 
study of projective structures. 

Definition 1.2. A path geometry on an n-dimensional smooth manifold, M , 
is a (2n — 2) parameter family of paths in M , such that for every x € M and 
each L e fiT^M), there is a unique path of in the family passing through x and 
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tangent to L. Two such families of paths are equivalent if there is a diffeomor- 
phism of M mapping the paths of one family onto the paths of the other family. A 
projective structure is a path geometry the paths of which are among the unpa- 
rameterized geodesies of some affine connection. Equivalently, it is an equivalence 
class of torsion-free affine connections, [V] , such that the unparameterized geodesies 
of any two representative connections are the same. Two projective structures are 
equivalent if they are equivalent as path geometries. 

Using his metliod of equivalence, Cartan, 7 , attaclied to each projective structure 
a unique regular, normal Cartan connection. T.Y. Thomas's construction of an 
'ambient' affine connection associated to a projective structure provides an alter- 
native to the method of Cartan. On a manifold with a projective structure there is 
a distinguished family of torsion free affine connections parameterized by the pos- 
sible choices of a volume form. The ambient manifold is the total space of the 
principal bundle of non-vanishing ^^^-densities on the n-dimensional base mani- 
fold. Thomas built a functor associating to each projective structure a Ricci flat 
torsion-free affine connection on the ambient manifold, homogeneous in the vertical 
direction and making parallel a canonical volume form. 

In his thesis, J. Harrison called by 'contact projective structures' certain pro- 
jective structures on a contact manifold suitably adapted to the contact structure, 
and showed that Thomas's ambient connection parallelized a canonical symplectic 
structure, and from this built a tractor connection. It is worth emphasizing that 
Harrison's initial data of a full projective structure, which is a 4n — 4 parameter fam- 
ily of paths, comprises strictly more data than the An — 5 parameter family of paths 
herein assumed given. That the projective structures studied by Harrison corre- 
spond to the subclass of contact projective structures determined by the vanishing 
of the invariant contact torsion is a consequence of Theorem 13.21 which associates 
to each contact projective structure a full projective structure. In Section 3.24 of 
0, Cap and Schichl describe efficiently and briefly a construction of a canonical 
regular, normal Cartan connection in a setting which corresponds also to the case 
of contact projective structures with vanishing contact torsion. They formulate the 
input data as a choice of a section of the subbbundle comprising elements with 
co-closed torsion of a certain vector bundle, constructed in section 3.13 of 0]i over 
an abstractly given P principal bundle. This choice determines a harmonic P frame 
bundle of length two to which a general prolongation procedure is applied. It also 
determines a class of partial connections on the contact distribution, from which 
may be constructed a contact projective structure which necessarily has vanishing 
contact torsion. It is not clear whether this construction could be generalized to 
encompass contact projective structures with non- vanishing contact torsion. 

The rest of the introduction describes in more detail the results of this paper. 
Attached to each contact projective structure is the equivalence class of affine con- 
nections comprising those connections each of which has among its unparameterized 
geodesies the given contact geodesies. The choice of contact one-form is refered to 
as a choice of scale. Such a choice is analogous to the choice of a representative 
metric on a conformal manifold or a pseudo-hermitian representative on a CR man- 
ifold. Theorem A is a direct analogue of results about conformal or CR structures, 
associating to each choice of scale a unique affine connection. 

Theorem A. On a contact manifold, let a contact projective structure be given. 
Choose a contact one-form, 9, and let T denote its Reeb vector field. There exists 
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a unique affine connection, V, with torsion tensor, t, having among its unparame- 
terized geodesies the given contact geodesies and satisfying: 

1. V6' = 0. 

2. Vde = 0. 

3. i{T)T = 0. 

4. The trace of the torsion of V vanishes. 

As the torsion is a (2) -tensor, it may be contracted on its up index and either down 
index. Because the torsion is skew-symmetric in its down indices, condition HI does 
not depend of the choice of down index, and the interior multipHcation in condition 
|3lmay be taken in either index. The connection, V, of Theorem A preserves H and 
the symplectic structure induced on H by d0. 

A piece of the torsion of the connection associated by Theorem A to the given 
choice of scale, essentially the torsion in the contact directions, does not depend on 
the choice of scale, and is therefore an invariant of the contact projective structure. 
In general, this contact torsion need not vanish, although it necessarily vanishes in 
dimension three. In Theorem l2 . 2l there is constructed a contact projective structure 
with contact torsion prescribed in a open neighborhood, and the space of contact 
projective structures with a given contact torsion is parameterized explicitly by sec- 
tions of the bundle of completely symmetric covariant three tensors on the contact 
distribution. In particular there exist locally infinitely many inequivalent contact 
projective structures with vanishing contact torsion. When the contact torsion van- 
ishes there is a contact projective Weyl curvature invariant under change of scale. In 
dimension at least 5 the contact torsion and the contact projective Weyl tensor are 
the complete obstruction to local equivalence to the flat model. In dimension three 
the contact torsion and the contact projective Weyl tensor vanish identically and 
there is an invariant tensor, analogous to the Cotton tensor of three-dimensional 
conformal geometry, which is the complete obstruction to local flatness. 

The classical Beltrami theorem states that the projective structure determined 
by the geodesies of a Riemannian metric is flat if and only if the metric has constant 
sectional curvature. The contact geodesies of a pseudo-hermitian structure generate 
a contact projective structure, and Theorem 15 . 31 shows that the contact projective 
structure induced by an integrable pseudo-hermitian structure with transverse sym- 
metry is flat if and only if the Webster sectional curvatures are constant. 

Theorem B is an analogue for contact projective structures of the ambient con- 
struction of T.Y. Thomas. In the theorem the 'ambient' manifold, L, is a square- 
root of the bundle of positive contact one-forms on the co-oriented contact manifold, 
(Af, H); X is the vertical vector field generating the dilations in the fibers of L ^ M; 
a is the tautological one-form on L; and Q = da is the canonical symplectic struc- 
ture on L. Any (local) section, s : M ^ L, determines a horizontal lift, X G r(TL), 
of a vector field X E r{TM). The curvature tensor of an affine connection, V, on 
L, is denoted Rjjk ^, and indices are raised and lowered with ilij. 

Theorem B. Let [M, H) he a co- oriented contact manifold and let p : L ~* M 
be a square-root of the bundle of positive contact one-forms. There is a functor 
associating to each contact projective structure on M a unique affine connection, 
V, (the ambient connection on the total space of L, having torsion t, and 
satisfying the following conditions: 
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1. VX is the fundamental {^)-tensor on L. 

2. i(X)f = 0. 

3. vn = 0. 

4. The Ricci trace of the curvature tensor of V vanishes. 

5. There vanishes the restriction to kera of the tensor Rq ^ ij. 

6. For any (local) section, s : M —>■ L, the affine connection, V, on M defined by 
V xY = p^(V j^Y) represents the given contact projective stucture. 

Moreover, the contact projective structures with vanishing contact torsion are in 
bijection with the torsion free affine connections satisfying conditions Ql ^ and 
JEl In this case condition is vacuous, [3 follows from ^ by the contracted first 
Bianchi identity, and the curvature tensor is completely trace free. 

A projective structure on a contact manifold is said to be subordinate to a contact 
projective structure if the contact geodesies of the contact projective structure are 
among the geodesies of the projective structure. Theorem 13 . 21 shows that each con- 
tact projective structure determines a canonical subordinate projective structure. 
If the contravariant part of the projective Weyl tensor of a subordinate projective 
structure takes values in the contact distribution, the projective structure is called 
contact adapted. CoroUarv 13 . II shows that every contact adapted projective struc- 
tures arises as the canonical projective structure subordinate to a contact projective 
structure with vanishing contact torsion. The projective structures considered by 
Harrison in are exactly the contact adapted projective structures. 

Using Theorem B and the tractor formalism of Cap - R. Cover, [3], there is 
built from the ambient connection a canonical Cartan connection associated to 
each contact projective structure. Each choice of L determines a tractor bundle 
and a canonical P principal bundle, tt : Q M, the bundle of filtered symplectic 
frames in the tractor bundle. A (g, P) Cartan connection on Q is called compatible 
if it is regular and it induces the underlying co-oriented contact structure. In 
general, many compatible Cartan connections induce a given contact projective 
structure. The Cartan connection built from the ambient connection is a canonical 
representative of an isomorphism class of such connections distinguished by certain 
algebraic restrictions on the values taken by their curvature functions. There is 
defined in Section ^31 a P-submodule /CcA^((0/p)*)®g such that the following 
theorem holds (p is the Lie algebra of P). 

Theorem C. On a co- oriented contact manifold, let L be a square-root of the 
bundle of positive contact one-forms, and let Q be the associated bundle of filtered 
symplectic frames in the tractor bundle. Among the compatible (g, P) Cartan con- 
nections on inducing on M a given contact projective structure, there is a unique 
isomorphism class of (regular) connections with curvature in K,. A unique rep- 
resentative of this isomorphism class is distinguished by the requirement that the 
covariant differentiation it induces on TL be the ambient connection of the under- 
lying contact projective structure. The underlying contact projective structure has 
vanishing contact torsion if and only if the associated Cartan connection is normal. 

The geometric data of the contact paths is regarded here as the primary structure; 
a canonical Cartan connection is built from them as a tool for their study. This 
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connection is not, in general, normal, and requiring normality would not be natural 
because there is no obvious a priori way to distinguish the corresponding under- 
lying families of contact paths. When the contact torsion vanishes, the connection 
produced by Theorem C coincides with that constructed by Cap-Schichl in 0]. 

Andreas Cap generously communicated his ideas about contact projective struc- 
tures and he made helpful remarks about the prolongation procedure of 4 . I 
thank him for his comments which have influenced the point of view taken here. 
This project benefited at every stage from the guidance and criticism given the 
author by Robin Graham. This paper is based on part of the author's Ph.D. thesis 
at the University of Washington. 

2. Contact Projective Structures 

2.1. Preliminaries and Notational Conventions. A contact manifold is a 

smooth (2n — l)-dimensional manifold, M , with a maximally non-integrable, codim- 
nesion 1 distribution, H . A contactomorphism is a diffeomorphism of M that 
preserves H . A contact one-form is a non-vanishing one-form, 6^ annihilating H . 
If an orientation is fixed on (TAI/H)*, M is called co-oriented, and a choice of 9 
consistent with the given co-orientation is called positive. It will be assumed, usu- 
ally without comment, that (Af, H) has a fixed co-orientation, and n : C —> M will 
denote the principal bundle of positive contact one-forms. Each choice of 9 de- 
termines uniquely a Reeb vector field characterized by 9{T) — 1 and i{T)dd — 0. 
Lowercase Latin indices will run from 1 to 2n — 2. Lowercase Greek indices will run 
from to 2n-2. A coframe, 6*", is ^-adapted if 6*" = 6* and 9'{T) = 0. An adapted 
coframe determines a dual frame, Ea, such that Eq — T and the Ei span H. When 
a contact form is fixed, an adapted coframe and corresponding dual frame will be 
assumed fixed also. The notations S[ai...ak] ^^-'^ S{ai...ak) denote, respectively, the 
complete skew-symmetrization and the complete symmetrization over the bracketed 
indices. Sometimes the abstract index notation will be used, so that equations with 
indices have invariant meaning. Greek abstract indices label sections of tensor bun- 
dles on M, while Latin abstract indices label sections of the tensor powers of H and 
H* , so that an expression such as tj^j indicates a section of h?{H*) (E> H . Each 9 
determines a splitting, TM — i?©span{T}, which induces a splitting of the full ten- 
sor bundle. Using these splittings Latin abstract indices may be interpreted as the 
components of a tensor with respect to a 0-adapted coframe and dual frame. The 
components oi lj = dO are LJai3 = ^[afj] = ^{Ea, Ep). As cjqq — 0, oj may be written 
as Ld — \i^ij9'' A 9K Latin indices may be raised and lowered using tOij according 
to the following conventions. Defining w'^' by ut'^^uJij = —Sj let 7'' = w^*7g, and 
7p = ^''ujqp. It is necessary to pay attention to which index is raised or lowered 
as, for instance, rf^p = —^jp^^. There vanishes the trace, using w^'', over any pair 
of indices in which a tensor is symmetric. As, for any 5''i - *2fe+i ^ ^]-^g contraction, 
Spq = S''^---'^'-"' pSi^,,,i2^q, is symmetric, this imphes S''^---'^^''+^ Si^,,,i2k+i — 0- Under 
a change of scale, 9 = p9, (/ ^ 0), the symplectic structure defined on H by the 
restriction to 7J of w rescales by so there is a well-defined conformal symplectic 
structure on the contact hyperplane. The non-degeneracy of d9 on H is equivalent 
to A {d9)"^^ ^ 0. Under rescaling this volume transforms by 



(2.1) 



9M^d9Y-^ ^f''9A{d9) 



CONTACT PROJECTIVE STRUCTURES 



7 



A (^-adapted coframe and corresponding dual frame, are defined by 



(2.2) 9' = 9'~2fe, Ez^E,, ff^T + 2YEj 



where 7 — dlog/. The coordinate expressions of tensors labeled with a ~ are taken 
with respect to the ^-adapted coframe and dual frame defined in H2.2|l , unless there is 
made a specific indication otherwise. The expression Qij has an invariant meaning; 
it indicates the section of h?{H*) obtained by restricting Co to H . Alternatively, 
LOij may be viewed as the components of u) with respect to a ^-adapted coframe. 

Every affine connection, V, decomposes as — xY + jt{X,Y), where 

the skew-symmetric (2)-tensor, r, is the torsion of V, and the torsion-free affine 
connection, '^V, is the symmetric part of V. The difference tensor. A, of two 
affine connections, V and V, is the (2)-tensor defined by A(A, y) — V xY — V xY ■ 
The difference of the torsions of the connections is 



There will be used sometimes the specialization obtained by regarding half the 
torsion tensor of a connection as the difference tensor of the connection and its 
symmetric part. Finally, for any fc-form, ?/, there holds 



2.2. Canonical Representative Connections. A parameterized curve, 7, de- 
scribes the same path as does a geodesic of the affine connection, V, if and only if 
7 A V-y7 — 0. An affine connection, V, on (Af, H) is said to admit a full set of 
contact geodesies if every geodesic of V tangent to H at one point is everywhere 
tangent to H . 

Lemma 2.1. For any contact manifold, (M,H), the following are equivalent: 

1. The affine connection, V, admits a full set of contact geodesies. 

2. For any choice of one form, 6, annihilating H , V(j0j) = 0. 

Note that the condition ^ [idj) — does not depend on the choice of scale. 

Proof. This follows from the observation that for any geodesic, 7, and any connec- 
tion, V, there holds 7° ^ Y-j^VaOj). □ 

Lemma 2.2. Affine connections V and V on {M,H), each admitting a full set 
of contact geodesies, determine the same contact projective structure if and only if 
their difference tensor. A, satisfies the following two conditions: 




k 



(2.5) 
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Proof. First it will be shown that if V and V admit that same full set of unparam- 
eterized contact geodesies, then conditions 111 and l2l are satisfied by the difference 
tensor A. Choose a contact one-form 9. By Lemma ITTl and H2.4|) . A(y') = 0. That 
the path of a parameterized curve, 7, is the path of a contact geodesic for each of 
V and V means 7 A A(7, 7) = 0. Since V and V admit the same full set of contact 
geodesies, this implies 

(2.6) A(y P4) ' - A(,, «4) " = A((,,) f 4) ' - A((,,) «4) " = 0. 

Tracing 1)2.6(1 in q and k gives [2l with at — 271-1 -^(ip) ^ ■ -'^'-"^ converse, let 7 
be a contact geodesic for V with its affine parameterization. Then V^7 — V-y7 + 
A(7,7) = 2(7(7)7, so that 7 A V^7 = 0, and 7 traces out the path of a contact 
geodesic for V. □ 

A contact projective structure may be identified with the equivalence class, [V], 
of affine connections on M having the property that each representative of the 
equivalence class admits the given full set of contact geodesies. 

The following observations are used in the proof of Theorem A. Let V be an 
affine connection such that V6 — and Vuj = 0. (|2.5() applied to V6 and to Vcj, 
respectively, implies 

(2.7) ° = Wq,/3, UJ^^^Taf}]" ^Q, 

respectively. Tracing 1(2. 7|l shows 2TipP ~ ~TpP i. This shows that there is, up to 
a scalar factor, only one section of H* obtainable by tracing the torsion. Applied 
to Vw = 0, and |(22I) 

give ^V^/LOap — ^i^-yaTafi'^ ■ Covariantly differentiating 
the conditions, 0{T) — 1 and i{T)uj = 0, defining T shows that T is parallel. By 
definition of the torsion tensor, Vt — S,t if and only if i{T)T = 0. 

Proof of Uniqueness in Theorem A. Fix a 0-adapted coframe. Suppose given rep- 
resentatives, V and V, of [V] satisfying conditions lll4l and having difference tensor 
A. (j23|), VT = 0, and |2I31) show A^p = 0, A^o " = 0, and A0/3 " = 0. By 
= VfeWij - VfeW-y -Afc[y], and so also A^pP = 0. Since - r.pP 0, 
l|2.3|l implies A[^p]P = 0, and so A(jp) p = AipP - A^.p^P = 0. By Lemma 
A(y) = 2n-i ^^Up) ^ + '^A(ip) P) — 0. Any (!]) -tensor skew in two indices and 
symmetric in two indices vanishes, so Aijk =0. □ 

Proof of Existence in Theorem A. Given any representative, V G [V], and a choice 
of 0, '^{idj) = 0. A connection in [V] satisfying the conditions I1I4I is produced by 
succesive modifications of V. In each of the following claims, a connection V is 
obtained from a given connection, V, by specifying their difference tensor, Aa^''. 
The proofs of the claims are straightforward computations using 1(2. 3|l . 1(2. 4|l . 1(2. 5|l . 
((2.7(1 and Lemma [2. 21 so are omitted. 

Claim 1. Assume V G [V]. Define Aap'^ = S^'^'^aOp. Then V £ [V] and V6 = 0. 
Thus it may be assumed from the beginning that VO = 0. 

Claim 2. Suppose given V G [V] such that VO = 0. Define A^p'' = -Sp^\7aT'^'. 
Then V G [V]; Vd = 0; and VT 0. 

Claim 3. Suppose given V G [V] with torsion, t, such that V9 = and VT ~ 0. 
Define A„/3 = -<5„°ro/3j. Then V G [V]; VO = 0; VT = 0; the torsion, f, of SI 
satisfies i{T)f — 0; and Vt^ = 0. 
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Claim 4. Suppose given V G [V] such that V6 = 0; VT = 0; the torsion, t, of 
V satisfies i(T)T = 0; and Vtw — 0. Define Kap^ = and A^/jfe = — VfetJa/j + 
|r[„^ Pcjfcjp. T/ien V 6 [V]; V0 = 0; = 0; and the torsion, f, ofV, satisfies 
i{T)f = 0. 

Claim 5. Suppose V G [V] wii/i torsion r is chosen so that V0 = 0, = and 
i{T)T = 0. Lef (2?! — 1)7^ = Tip^ and define A by 

A^iP = ^,S,P + uj,,jP, A„^" = 0, Ao^" = O-A0o"- 

T/ien V e [V] satisfies conditions \1\4\ ™ statement of Theorem A. 

[End of Proof of Theorem A] □ 

2.3. Contact Torsion. 

Lemma 2.3. Given a contact projective structure, let A be the difference tensor of 
the representatives, V and V, associated by Theorem A to the choices of contact 
one-forms, 9 — f^9 and 9. With respect to a 9-adapted coframe and dual frame, 
the components of A are expressible in terms of j — d log / as 

(2.8) A„f =7,^jP + 7,5,P+^,j7f, 

(2.9) A^p ° = 2j^Sfi °, A,o ' = 47,7^' - 2V,7^ 

(2.10) Ao,^' = -27Vg,^' - 2V,7^ Aqo'' = -2Voy + 4707' + 47^V,f . 

Proof. Let V be the connection associated to 9 by Theorem A and define V by 
requiring that its difference tensor witli V be given by (|2.8|I - H2.10|I . Routine com- 
putations show that the V so defined satisfies the conditions of Theorem A with 
respect to 9, and so is the unique connection associated to 9 by Theorem A. □ 

Lemma l2.3l is useful for computing the transformation of covariant derivatives under 
change of scale. For instance, for a section, cr,;, of H* . 

(2.11) ViCTj = ViCFj - cFi^j - 7jcri - ap^^LOij. 

Theorem 2.1. Given a contact projective structure let V be the affine connection 
associated by Theorem A to the contact one-form, 9. The torsion, r, of V deter- 
mines a section, Tij , of /\^{H*) (3 H, that is independent of the choice of scale, 
9. The section, Tij,'', will be called the contact torsion of the contact projective 
structure. 



Proof By (|23l and (|23|), 2A[,j] = + 2-/''uj^j - nj and by 2A[y] = 

Proposition 2.1. In three dimensions Tij = identically. 



Proof. A trace free tensor with the symmetries of the contact torsion, Tji^jj. — Tijk 
and T[ijfe] = 0, lies in the irreducible representation of Sp{n — 1,R) corresponding 
to the Young diagram determined by the partition (2, 1), which, by the criterion of 
Weyl, (Uni, Section 6.3, p. 175), is non-trivial if and only if 2n — 1 > 3. □ 

Remark 2.1. One possibly interesting class of paths determined by a contact 
projective structure comprises those contact paths such that for any choice of pa- 
rameterization, 7(t), and any choice of contact one-form, 9, if V is the connection 
associated by Theorem A to 9, then a;(V^7,7') — 0. Using H2.8|) it is easy to check 
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that this condition depends on neither the choice of 9 nor the choice of parameter- 
ization. In three dimensions any such path is evidently a contact geodesic, but in 
higher dimensions this need not be the case, as it is easy to give examples in the 
flat model of such paths which are not lines. 

2.4. Flat Model Contact Projective Structure. The symplectic group, G = 
5p(n, R), is the group of linear automorphisms of a real 2n-dimensional symplectic 
vector space, (V, il), to be referred to as the standard representation. Let P C G 
be the stabilizer of the one-dimensional subspace, C V, and let P C P be the 
stabilizer of a vector, Voc, spanning V^. The r2-complement, = (V^)-"-, gives 
a filtration C V"'^ C V. Fixing uq G V such that ^l{voc,vo) = 1 determines a 
sphtting V = Vo ® ¥_i © V_2, where Vq = and eg spans V_2. This grading 
of V induces on the Lie algebra, q, of G, a Z-grading g = ©f=_20i determined by 
0fe = {g e : ,g ■ C Vi+k for > i > —2}. The subspace 0_2 has dimension 1, 
and the subspace 0_i has dimension 2n — 2. The subalgebra 0_ — 0_2 ffi 0-i is 
the usual Heisenberg Lie algebra, and go is the conformal symplectic Lie algebra. 
With vq and foo, an arbitrary basis, Vi, of V_i determines coordinates, , where 
/ e {oo, 1, . . . , 2n - 2, 0}, so that ft = ^Ujjdu^ A du"^ with 

(2.12) f^ooO = 1) f^ooi = = f2oi) ^ij = f^ij- 

Raise and lower indices with according to the convention Q^^SIqj = —Sj^. 
Letting be a basis of V* dual to vj, each element of G may be represented as 
■^vj ® , where Aj'^ is a, constant matrix such that Aj ^ Aj ^^pq = ^ij. P is 
a semidirect product of the subgroup, P"*" C G, with Lie algebra p"*" = fli ©02, and 
the subgroup. Go C G, with Lie algebra go- These subgroups have the forms: 

The normal subgroup P C P is distinguished by the requirement a = 1. G acts 
transitively but not effectively on P(V), and its projectivization is denoted G = 
PSp{n, R). The image in G of a subgroup i? C G is denoted by H. The R"" = P/P 
principal bundle, G/P ^ G/P, recovers the defining bundle, = V \ {0} ^ 
P(V). The Maurcr-Cartan form, uJa, on G is the mode;! for the Cartan connection 
associated by Theorem C to a general contact projective structure. 

An Ad(P)-invariant filtration of is defined by fi = ffij>,:gj. The Lie algebra 
of P is p = [p,p]. Let Cq, be a basis of 0_, with eo a basis for 0_2, and satisfy- 
ing [ei,ej] = —2ujijeQ and [ei,eo] = 0. Because is scmisimple every derivation 
of is inner and so there is a unique element 6oo £ such that [coo,0«] — ^0i- 
Fix an invariant bilinear form, B, on 0, let e" S 02 be P-dual to Bq, and note 
that d = iP(e°,— ) annihilates f_i. View d as an clement of G^(0,M), where 
(G'°(0,R),5) is the cochain complex for the cohomology of acting (trivially) on 
R. Then a)(eQ,, e^) = dd{ea, e^) = — ^P(e'^, [e^, e^]) = tOafj, and u) restricts to give 
a symplectic structure on 0_i. Because d annihilates f_i, the symplectic form on 
f_i/p defined by uj{ei + p,ej -|- p) = u}{ei,ej) makes sense. By invariance of B, 
the adjoint action of P on g/p preserves w up to a positive scalar factor, so this 
determines a P- invariant positive conformal symplectic structure on f-i/p. The 
requirement [ei,ej] = —2oJijeo selects an Ad(P)-invariant orientation on 0/f-i. By 
invariance of B, a;(e/,ej) is P-invariant, so a) determines a symplectic form, O, on 
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g/p. Note that Q{eoo,eo) — 1, and the map h + p —^ h ■ Voc defines a symplectic 
P-module isomorphism, {g/p, (}) ~ (V, ft), mapping e/ + p ^ vj. 

Let Ei and Eg be the left-invariant vector fields on G/P generated by and 
2eo, respectively. In the natural coordinates on P(V) ~ G/P, these are given by 
Ei — + uJipX^-^, and Eq = 2g|7r- Writing ujaQ — Q = ujQp, the Lie brackets 
are [Ea,Ep] = —cUapEo. The canonical contact structure on T{G/P) is the left- 
invariant subbundle of T{G/P) generated by 0_i and spanned by the vector fields 
Ei. A left-invariant section, Q — ^{dx'^ + ujpqX^dx'^), of the annihilator of H is 
determined by the requirement that T = i^o be its Reeb vector field. Define a 
connection, V, by requiring the left-invariant frame Ea to be parallel. Such a 
connection has necessarily torsion r — dQ (g) T. It is easily checked directly that 
VQ = and VdO = 0, so V is a connection satisfying the conditions of Theorem 
A. Any left-invariant vector field is a constant coefhcient linear combination of E'q, 
and is consequently also V-parallel. As for any affine connection the integral curves 
of a parallel vector field are geodesies, the integral curves of any left-invariant vector 
field are geodesies for V. Explicit computation shows that these integral curves are 
straight lines in M^"^^. The contact projective structure determined by V is the 
model for all contact projective structures. A contact projective structure is flat if 
and only if it is locally equivalent to this model. 

On a contact manifold with a chosen 6, a coordinate chart ip : U ^ R^"^^ such 
that ip{p) — and = 0, is called a Darboux coordinate chart at p. The 

Darboux theorem shows that there exists always a Darboux coordinate chart at p. 

Proposition 2.2. A co-oriented contact manifold admits a contact projective struc- 
ture. 

Proof. Fix a contact one-form, 6, and cover M by an atlas, {Ua}, of 6'-Darboux 
coordinate charts. In each Ua let V° be the representative described above of the 
flat contact projective structure associated to 9\ua- Choose a partition of unity, 
(f>a, subordinate to {Ua} and define VxY — J^a^^'^x^- straightforward to 
check that this defines a connection and {iOj) = X)o 4>a^'^ (idj) = 0, so that the 
geodesies of V generate a contact projective structure. □ 

2.5. The Affine Space of Contact Projective Structures. There is a well 
defined notion of the difference tensor of two contact projective structures, [V] and 
[V], as a section of ^^{H*) ® H. Fix a contact one- form, 0, and let 11 be the 
difference tensor of the representatives, V G [V] and V G [V], associated to 9 by 
Theorem A. Each of V and V makes parallel 9 and T, and the interior multiplication 
of T in the torsion of each vanishes. In conjunction with (|2.3() and H2.4() . these give 

(2.13) n„;3 = n„o^ = no„'^ = o, 

so that n may be identified with the section, 11^ ^ , of ® H . Let 11 be the 

difference tensor of the representatives, V S [V] and V S [V], associated to 9 by 
Theorem A. Keeping in mind that IIo,^ denote the components of 11 with respect 
to a 0-adapted coframe and dual frame, as in H2.2|l . observe that, as in l|2.13|l . 
Ila/s ° = Ifao'' = Ifoa = 0. As a consequcnce, the components of Ily arc the 
same when calculated in a 0- adapted coframe and dual frame as when calculated 
in a 6'-adapted coframe and dual frame. It is now claimed that liij = Ily . Let A 
be the difference tensor of V and V, let A be the difference tensor of V and V, and 
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observe that H - 11 = A - A. (I2.8|l shows that A-y Ajj , so that Ilij = H-y 
Hence Ily is independent of the choice of 6, and, consequently, it makes sense to 
speak of 11^ as the difference tensor of the contact projective structures. 

The facts about the irreducible representations of the symplectic group used in 
the sequel may be found in some form in Section 6.3 of ^ or in Let A, B, and 
C, respectively, be the bundles of tensors on H obtained by raising the third index 
of elements of, respectively, S^{H*); the subbundle of (E)'^{H*) comprising trace- 
free tensors satisfying Bi^jj^-^ — Bijk and Bf^iji^-f = 0; and the subbundle of i^^{H*) 
comprising trace-free tensor satisfying C'^y^ = Cijk, and C[yfc] = 0. Though the 
operation of raising an index depends on the choice of contact one-form, the bundles 
so defined do not. By Weyl's results the fiber over a point of any of A, B, or C is an 
irreducible Sp{n — l,M)-module. Proposition 12.21 shows that the space of contact 
projective structures on a co-oriented contact manifold is non-empty. Theorem 12. 21 
describes the afhne structure on this space. 

Theorem 2.2. The space of contact projective structures is an infinite- dimensional 
affine space modeled on r{A © B), in the sense that the difference tensor, Il.y , of 
two contact projective structures on M admits a direct sum decomposition, litj ^ = 
Aij + Bij , as a section of A® B. Moreover, 

1. The difference of the contact torsions of two contact projective structures is 
the image of Bij ^ under the isomorphism of tensor bundles, B ^ C, determined 
by Bij ^ ^n^jj] ^ — "^B^ijT^ ^ . In particular, the difference tensor of two contact 
projective structures with the same contact torsion is the section, Aij ^ , of A. 

2. Given p £ M there is an open U C M , containing p, so that for any section, 
Tij ^ € r(C), defined over U , there exists in U a contact projective structure with 
contact torsion Tij . 

Proof of Theorem \2.S\ Let H be the difference tensor of the contact projective 
structures, [V] and [V], and let V G [V] and V G [V] be the representatives 
associated to 6 by Theorem A. By (|2.4(l . = V -2nfe[jj], which 

shows WipP = 0. From \ [fijk — Tijk) — ^[ij\k there follow rEpP*^ = and '0-[ijk] = 0, 
so that li-ijk is completely trace-free. By complete reducibility and Weyl's descrip- 
tion of the irreducible Sp{n — 1,R) modules, there is a direct sum decomposition, 
n^-fc = Aijk + Bijk, where A G r(^) and B G r(S), and such that Aijk — ^{ijk) ^-nd 
B[ij]k = n^yjfc. Moreover, the map Bij "^-^[13] ^ i determines an isomorphism 
between the fibers over a point of B and C, and this shows that Bij ^ vanishes if 
and only if the two contact projective structures have the same contact torsion. 

To construct, in a neighborhood of p G A/, a contact projective structure, [V], 
with contact torsion ^ G r(C), proceed as follows. Fix and a Darboux co- 
ordinate chart, U , centered on p, and let V be the connection defined in section 
12.41 This is the representative associated by Theorem A to 6* of the flat contact 
projective structure, [V]. Add to [V] a difference tensor, satisfying H2.13|) and 

Tl-ijk = ^Tiijk)- Then ^lij] ^ — ^Tij ^ , so there results a contact projective structure 
with contact torsion Tij □ 

Remark 2.2. The group, CO^{M,H), of positive contactomorphisms of the co- 
oriented contact manifold acts by puUback, (/)*([V]) = [(/)*(V)], on the space of 
contact projective structures. For a contact projective structure represented by the 
equivalence class of connections [V], define a map 11 : CO~^{M) — > r((g)^(iJ*) (g) H) 
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by letting n((/)) be the difference tensor of [0*V] and [V]. By definition, n(0o?/;) = 
ip*(n{(j))) + !!(■(/;), so the map 11 is a f-cocycle of CO^{AI, H) taking values in the 
space of sections of Cg)^(i7*) ® H. It may be checked that the cocycles determined 
in this way by different choices of [V] are cohomologous. 

2.6. Curvature Identities. Define the curvature tensor of the affine connection, 
V, by R{Ea,Ep)E^ = [Vi5„, V^Ji;^ - V[E^^E,]E-y = Ro^p^^E^. The Ricci tensor 
is defined by contracting on the middle index, Rap — Raap'^ ■ Recall the Bianchi 
identities for an affine connection with torsion: 

(2.14) i? [Q/37] = V[Q,r0^] + r5[Q ""t^^] V[Q,i?^-y]i- = Tf^^ ''i?^]^^ 
Recall also the Ricci identity: 

k I 
s=l s=l 

Let V be the connection associated by Theorem A to the choice of contact one-form, 
9. Applying the Ricci identity to the parallel tensors, 9 and d9, gives Rap-y ° = 
and Rapki — Raftik- Because VT = 0, Rapo'^ = 0, so Rao = Raao" — 0. Since 
Rai3o'^ = 0, setting 7 = in the first Bianchi identity, (|2.14|l . and using tqq = 
gives 2i?o[Q/3] = and contracting this on a and (5 gives — i?oa = VoTqct ~ 

0. This shows i?OQ — 0. Taking all possible traces of the Bianchi identities ()2.14f) 
proves the following lemma. 

Lemma 2.4. On a contact projective manifold let V he the connection associated 
by Theorem A to the choice of contact one- form, 6. Then 

(2.15) Rp ^ ij ~\- 'ZRij — 2VpT^ ij q-P^ j'^pqi 

(2.16) {2 ^ n)Ro^jk ^ VpR"" ^Jk + k^.Rp" jk + nP'iRpqjk, 

(2.17) --iVpT.jP, RpP^O, 

(2.18) 2i?oM ^ = VoTy- ^ r^'Vp,, = 0, 

(2.19) "^pRijk^ + 2\I[iRj]k = —Ti] ^Rpk + 2Tp[.i '^Rj]qi P + 2i?o[y]fc, 

(2.20) V,i?p^«-2VPi?p, ^r-J^iiqp,', 

(2.21) ^oRijkl + 2V[iRj]Qkl ~ '''ij ^Ropkl, ^oRp^ ij — RpQij , 

(2.22) ^oRij + ^pRoij ^ = Tiq ^ Ropj 

Remark 2.3. Lemma IT^ shows that tracing Rijki, Tijk, and ViTjki gives only the 
two tensors, i?y and Rp^ ij, and (|2.15|l shows that when T^fe = these tensors 
coincide up to a constant factor. When 2n — 1 > 3, (|2.16|l . (I2.21|) . and H2.18|l show 
that Roijk, '^oTijk, and '^oRijki are determined completely by Rijki, Tijk, and their 
covariant derivatives in the contact directions. 
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The following tensors are basic in the study of contact projective structures. 

(2.23) Pij — „(2,i_3) - ^)Rij - 2^r^Rli]] + i^p^ ii) I 

(2.24) Qij = 3_2„ {^R-ij + Rp^ ij ^ 2n-l ^[y]) ' 

(2.25) M^y-fe ' = i?yfe ' + 2S[, 'Pjjfe + 2cjfe[,P,] ' + 2cjyPfe ' + cj„Qfe 

(2.26) Cijk — Roijk — + ^iQjk) 

+ ^(2cj,fc VpPj P + uj^k^pQj P + 2uj,jVpPk P + VpQfc P). 

Wijk ' is the contact projective Weyl tensor, djk should be regarded as an 
analogue of the Cotton tensor in conformal geometry, and will be called the contact 
projective Cotton tensor. Direct computations verify the following identities. 

(2.27) Q[,j] = -2P[y] = -2;^%J]' 

(2.28) 2(1 - n)Q,^ + Q^, = 2Py + Rp p y , Qy = 2P„ - 4nPy , 

RpP = and (|2.27(l show that PpP — — QpP . When the contact torsion vanishes, 
ftWi and l(TT7|l show that P^- = ^Rij and Qij = 0, and gives 

(2.29) CyTc = Ro^Jk - 2V.P,-fe + ^{iv^jVpPk P + uj^k'^pPj P). 

The following identities are verified by direct computation using the definitions and 
perhaps also the Bianchi identities. 

(2.30) WpP,,=0, W,„P^Q, W,p,P^-\Q,,, 

(2.31) C,pP = {), CpPfe = 0, C,[,fe]=0. 

Straightforward computation shows that the curvature tensors, R and P, of 
connections, V and V, with difference tensor, A, are related by 

(2.32) R{X,Y)Z - R{X,Y)Z = 

(Vx A)(r, Z) - (VyA)(X, Z) + A(X, A(y, Z)) - A(y, A(X, Z)) + A(t(X, Y),Z), 

where t is the torsion tensor of V. Write ^ij = Vi7j — 7i7j + ^^QUJij. With the 
set-up as in Section [T^ using (|2.8|) and H2.10|l in (|2.32|) gives 

Rijk ' - Ri]k ' = 25[j '^-fi]k + 27[i 'wjjfc - 2cjy7fe ' - 2ujijTqk '7' + ' + I'^jk- 

Sometimes involved direct computations using this and H2.15ll - (|2.22|l prove: 

Lemma 2.5. Under change of scale there hold the following transformation rules: 

(2.33) % - P,y = 2nj,j + jPTp,, , 

(2.34) Rp P ,j - Rp P y = -4n7y + 2jPt,jp + 4(1 - n)Tp,j , 

(2.35) 2P[„-] - 2P[,,] = {2n - l)Ynjp. 

(2.36) P,^--P,^. =7,^-, 

(2.37) Qij Qij — '^^^'^pijf 

(2.38) VKyfc ' - W^jk ' = 7fc^'u ' + I'njk , 

(2.39) Cijfc — Ctjk — 2"/P{Wpijk + Tpij^k + Tpik"/j) + Qij^k + Qiklj- 

In particular, if Tij^ — 0, then Wijk^ = Wijk'', so Wijk' is an invariant of the 
contact projective structure. 
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As is explained in Remark l4. II the proof of Lemma [4.^^! implies (|2.^^6|I - (I2.39|I . 

Lemma 2.6. In three dimensions Wijk ' = identically. 

Proof. Since = 0, and imply W[ijk]i = 0. The Weyl tensor has 

the symmetries W[ij]ki = Wijki, Wij(ki) = Wijki, W[ijk]i = 0, and it is completely 
trace free, so lies in an irreducible representation of Sp{n — 1,K), corresponding to 
the Young diagram determined by the partition (3, 1), which, by the criterion of 
Weyl, (|2ni, Section 6.3, p. 175), is non-trivial if and only if 2n — 1 > 3. □ 

Proposition l2.1l Lemma lTBl and (|2.39() show that Cijk is invariant when 2n — 1 = 3. 

Lemma 2.7. // the contact torsion vanishes, 

(2.40) VpWP + 2^{^pW^jk " - ^pWkrj n = i'2- n)a,k, 

so that if 2n — 1 > 5, then Wijk ' — implies Cijk = 0. In dimension 2n — 1 = 3, 
Cijk is completely symmetric, C(ijk) = Cijk- 

Proof. The first Bianchi identity implies VpW[ijk]i = 0. Contracting on p and i 
gives VpW^jkP = 2Vpl^f [j,]fc. Using i?o„ = = R^, (EH, % = 2nPy, and 
calculating VpWijk ^ directly gives the first equality in 

(2.41) 

VpWrjk " = 2(2n - l)VyP,]k + 2LJk[^y''PJ]p ~ 2uj,jVPPkp = (2n - l)C[,j}k- 

Since Tij^ = 0, the first Bianchi identity shows i?o[jj]fc = 0. By (|2.18() . skewing 
in ij gives the second equahty in lfCT|l . By ifT^ . and 

(2.42) VpWP ,jk - (2 - n)Cyfe = 2V[,P,-]fc - 2V[,P,], + ^^c^.j^- VPPfe)^ ^ . 

Solving the first equality in (|2.41|) for 2V[jPj]fc gives 

2V[,P,-]fc - 2V[feP,], + ^c.,(, V^'Pfc), = ^.{ypWkr, " - VpM^.,, ^'). 

Substituting this into 12.4211 gives (|2.4U|) . By (|2.4U|) . when 2n-l > 5 the vanishing of 
Wijk ' implies the vanishing of Cijk. (|2.29l) shows that if = then Ci(^jk) = Cijk. 
(lOTIl shows that if Wijk ' = then Cf^jfe = 0. When 2n - 1 = 3, both r^- and 
Wijk ' vanish, so C^-fe is completely symmetric. □ 

3. Ambient Connection 

3.1. Thomas's Ambient Construction for Projective Structures. In this 
section the basic results concerning projective structures are reviewed, following 
the approach of T. Y. Thomas, Some version of this material can be found in 
various modern sources, for instance ^j, ^2]j or El- 

3.1.1. Projective Structures. The bundle of frames, F, in the canonical bundle, 
A"(r*Af), of the smooth n-dimensional manifold, M, is the principal bun- 
dle of smooth, non-vanishing sections of the canonical bundle. When n = 21 let the 
principal bundle, L, be the unique -^^-root of F. When n = 21 — 1, assume 
M is orientable with a fixed orientation, so that the group of F is reduced to 
and let L be a choice of ;^^^-root of F. Denote by £[X] the line bundle associated 
to L by the representation, r • s = r^^s, of on M, so that f [— 1] is a ^^-root 
of A"(T*M). Sections of ^[A] are in canonical bijection with functions L ^ M ho- 
mogeneous of degree A. The model for L is the defining bundle ]P(V), where 
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(V, ^f) is an n + 1 dimensional real vector space with volume form This defining 
bundle is the bundle of frames in the tautological line bundle over P(V). 
Fix a choice of p : L ^ M . A tautological n-form, a, is defined on L, by 

. . . ,X„) = . . . ,p,(X„)) forXi, . . . ,X„ e T,L. 

A canonical volume form, ^E", is defined by ^' = da. A canonical Euler vector 
field, X, the infinitesimal generator of the fiber dilations, 5r^ on L, is defined by 
z(X)4' = (n + l)a. The choice of section, s, induces, on the principal M^-bundle 
p : L — > M, a unique connection, </>, such that s is a parallel section and 0(X) = 1. 
The connection, 0, determines a horizontal lift, X, of each vector field, X , on M . 

Lemma 3.1 (Weyl, |25|'l. Two torsion-free affine connections have the same un- 
parameterized geodesies if and only if there exists a one-form, 7, so that their 
difference tensor has the form "^[iSj) ^ . 

Lemma 3.2 (Thomas, Suppose given a projective structure on M represented 

by the equivalence class of torsion-free affine connections, [V] . For each choice of 
a volume form, n, on M there exists a unique V £ [V] making fx parallel. 

A torsion-free affine connection, V, on L, and a choice of section, s, determine on M 
a torsion- free affine connection, V, defined by V xY = P*{^ ±Y)- condition 
VX = (5 is imposed. Lemma 13.11 may be used to show that the connection, V, 
determined hy s — fs has the same unparameterized geodesies as does V. This 
associates a projective structure on M to each torsion-free affine connection, V, on 
L, satisfying VX = 5. It may be checked that if V'l' = then V is the unique 
representative of [V] given by Lemma 13.21 and making ji = s* (a) parallel. Two 
torsion-free connections, V and V', on L, satisying VX = & = V'X and making 
parallel 4" determine on M the same projective structure. The only freedom is in 
the vertical part of Vj^y , and requiring that V be Ricci flat eliminates this freedom. 

Theorem 3.1 (Thomas, |23)). Suppose fixed a choice of p : L — > M. There is a 
functor associating to each projective structure on M represented by the equivalence 
class of torsion-free affine connections, [V] , a unique torsion-free affine connection, 
V, (the Thomas ambient connection) on L satisfying the following conditions. 

1. VX is the fundamental -tensor on L. 

2. V* = 0. 

3. The Ricci tensor of V vanishes. 

4. For each section, s, 0/ p : L — > M the connection, V, defined on M by Vjc K — 
p*(V^y), represents the given projective structure. Moreover, V is the unique 
representative, given by Lemma \S.'A making the volume form s*{a) — s"+^ parallel. 

The preceeding discussion shows already how to prove existence of V. Given s, 
let V e [V] be the unique representative of the given projective structure V G [V] 
making /i = s*{a) parallel. For any symmetric tensor, Pij, conditions JQl-lEll of 
Theorem l3.1l are satisfied by the connection, V, defined by requiring it to be torsion- 
free and to satisfy 



(3.1) 



VyX = V, 



v^y = v^ + p{x, y)x. 
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Straightforward computation of the curvature of V shows that requiring V to be 
Ricci-flat determines Pij uniquely as Pij — -^^Rij, where Rij is the Ricci tensor 

of V. Because the curvature tensor of V turns out to be horizontal, its components 
may be regarded as tensors on M . The possibly non-vanishing components are the 
projective Weyl tensor, Bijk ' = Rijk ' + PjkSi ' — PikSj and the projective 
Cotton tensor, 2V[iPj]fc. SyTc ' is independent of the choice of representative 
of [V], and the contracted second Bianchi identity for V shows that if n > 2 the 
vanishing of Bijk ' implies the vanishing of V[jPj]fc and consequently of the curvature 

of V. If 71 = 2, it turns out that Bijk ' vanishes automatically, and the vanishing of 
V[iPj]fc, implies the ambient connection is flat. 

Let G be the group of linear transformations of V preserving let P C G 
be the subgroup stabilizing the span of a fixed vector. Next there is sketched the 
construction of a unique (g, P) Cartan connection associated to each projective 
structure equipped with a choice of L. The terminology and notation regarding 
Cartan connections are the same as those in |H] or jJHI- The tractor bundle, T, 
is the quotient of TL by an action, P^ = r~^(5*^i, covering the principal action 
on L and preserving the homogeneity —1 vector fields, Vec_i(L) on L. The homo- 
geneity n + 1 volume form, descends to a fiberwise volume form on T, and the 
ambient connection, V, induces a covariant differentiation, V, on T, the tractor 
connection, defined as follows. If t is a section of T represented by Z G Vec_i(L), 
then 'W xt is the image in T of Vj^Z e Vec_i(L). Because Vx^ = 0, this is in- 
dependent of the choice of s. A P principal bundle, n : Q ^ M, is defined by 
letting the fiber over x G M comprise all volume preserving linear isomorphisms 
u : Y %c mapping the span of e^o into the image of the span of X, and T is re- 
covered as the associated bundle, Q XpY. Theorem 2.7 of |3] shows that the tractor 
connection determines on Q a Cartan connection, rj. Conversely, any torsion-free, 
(g, P) Cartan connection, 77, on Q M, determines a tractor connection as the 
induced covariant differentiation on the associated bundle T = Q Xp Y. Any 77 
determines a development of paths in M onto G/P = P(V), (see ^Tj), and 77 in- 
duces on M the projective structure comprising those paths which develop onto 
straight lines in P(V). Evidently gauge equivalent Cartan connections induce the 
same projective structure. The quotient G/P recovers L and the associated bun- 
dle X p V — > L recovers TL; 77 induces a covariant differentiation, V, on this 
associated bundle. Every torsion-free (g, P) Cartan connection is gauge equivalent 
to a unique 77 for which the induced V on TL satisifes VX = S. Each section 
s : M —^ L determines from 77 an affine connection on M defined as in condition 
131 of Theorem 13.11 If VX = S, then the affine connections on AI determined by 
different choices of s will be projectively related, so determine a projective struc- 
ture on M, the paths of which develop onto lines in P(V). Among the isomorphism 
classes of Cartan connections inducing a given projective structure that one built 
from the ambient connection is the unique isomorphism class of torsion-free, nor- 
mal Cartan connections. An orientation-preserving diffeomorphism of M lifts to 
a bundle automorphism of L which commutes with P^ and so descends to T, and 
this shows that the orientation-preserving diffeomorphisms of M act naturally on 
G and all of its associated bundles. This constructs a bijective functor between the 
category of projective structures and category of torsion-free, normal (g, P) Cartan 
connections. In the odd-dimensional case, to obtain structure independent of the 
choice of L, it is necessary to consider the projectivized tractor bundle, IP(T), and 
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the associated bundle of filtered projective frames, G, the fiber over x (1 M of Q 
comprising all projective linear isomorphisms u : P(V) F(7i) mapping the span 
of Coo to P(7^^). These bundles do not depend on the choice of L. Some fussing 
shows that the Cartan connection, 77, descends to give a Cartan connection on Q 
which does not depend on the choice of L. 

3.2. Ambient Connection on the Symplectification. This section gives the 
proof of Theorem B. On a co-oriented contact manifold, {M,H), a choice of a 
square-root, L, of the bundle of positive contact one-forms, regarded as a prin- 
cipal bundle over M, will be called an ambient manifold. 

3.2.1. The Standard Contact Structure on Odd- dimensional Projective Space. Let 
(V, ri) be the standard representation of G as in Section 12.41 The quotient of 

by the action on V of the dilations, i5, (u) = rv, determines an M^-principal 
bundle, p : ^ ]P(V), so that the dilations act as vertical principal bundle 
automorphisms. Let X denote the Euler vector field, the infinitesimal generator of 
the fiber dilations. Let denote the f2-skew complement of a subspace W cY. 
For L G P(V) choose any non-zero v £ L and set Hl = p^{v){L-^). Because any 
other vector spanning L will have the form 6r{v) for some non-zero r, does not 
depend on the choice of v. As kerp*(?;) is exactly L, which is contained in L-*-, 
the subbundle H has constant rank 2n — 2. As G preserves skew complements, 
the subbundle H is invariant under the action G on P(V). Define a one- form a 
on by a = ii(X)fl. A section s : P(V) determines a one-form, 6*, by 

9 = s*{a) = s^, for which ker6' = H. Using 9 — s*{a) it is easy to verify that 
9 A [dB)"^^^ 7^ 0, so that is a contact one-form, and is a contact distribution. 
When the section, s, is replaced by s = fs, f ^ 0, then 9 rescales to p9. This 
shows that the principal -bundle, p : P(V), is naturally identified with a 

square-root of the bundle of positive contact one- forms on P(V); the flat Euclidean 
connection, V, on satisfies Va = ^fl and VfJ — 0, and is the model for the 
ambient connection. 

3.2.2. Construction of the Ambient Connection. The map 9 —^ 9Ad9"^^ determines 
a reduction to R^*^ of F, and by (|2.1() this map identifies C" with F as principal 
bundles, so that a square-root, L, of C may be regarded simultaneously as a -^-root 
of F. The well known construction of the tautological one-form on C generalizes 
to L as follows. For p E L view p^ as a one-form on M and define the horizontal 
one-form, a, on L, by ap{X) = p^^p^(p,(p)(X)), for X G TpL. Each (local) section 

s : M ^ L determines on M a contact one- form 9 = s*{a) = s^, and a fiber 
coordinate, t ^ 0, defined hy p = ts{p{p)) for anyp e L. Set f2 = da. By definition, 

(3.2) a^t^p*{9), Vl^t^{2d\ogthp*{9)+ p*{d9)). 
Computing using (|3.2(l and d9'^ = shows that 

(3.3) r?" = 2nt^"'dlogt Ap*{9A d9"--^). 

As dt is non-vanishing when restricted to the vertical subbundle of TL and 9 A 
{d9)^~'-^ is a volume form on M, this shows that fl" ^ 0, so that is a symplectic 
structure on L. The Euler vector field, X, is the infinitesimal generator of the 
fiber dilations in L. H3.2|l shows that in coordinates X = t^. A tensor, 5', on L 
is homogeneous of degree k if Z-%S — kS. By non-degeneracy of fl and definition 
of a, £xQ: = i{X)da = 2a, so a (and hence also fi) is homogeneous of degree 
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2. The choice of section, s, induces, on the principal bundle p : L ^ M, a 
unique connection, cj), such that s is a parallel section and (/'(X) = 1. Because the 
structure group is abelian, (p is simply a one-form on the base manifold, M, given 
in coordinates by dlogt. The section s determines the connection cj), related to cj) by 
<j) = <j) — p*i"f)- The connection, 0, determines a horizontal lift, X, of a vector field, 
X, on M; this X is the unique t/i-horizontal vector field on L such that /o*(X) = X. 
By definition X is homogeneous of degree 0. The horizontal lift determined by the 
connection associated to s is given by X + '-f{X)'K. A co-oriented contactomorphism 
of M is covered by a unique bundle automorphism of L, which is easily checked to 
be a symplectomorphism. 

In this section the following indexing conventions will be employed. For 9 — 
s*{0), let {6*"} be a 6'-adapted coframe with dual frame {Ea}. Define a frame, 
{F/}, on the total space of L by setting Fao = X and Fa — Ea, and let 0^ denote 
the dual coframe. Thus 4>°° — (j), cj)" = p*{9°'), and a — t'^cffi. On L, raise and 
lower indices using fi, according to the convention U^^Ukj — —Sj ^ . Note that F/ 
and (j)^ are homogeneous of degree 0. In general, an affine connection, V, on L, has 
torsion, so there will be two distinct traces of its curvature tensor, Rjjk ^, namely 
Rjj ~ Ripj^ and Sjj — Rq^ ij- Contracting the first Bianchi identity shows 
that when the torsion of V vanishes these two traces coincide up to a factor of —2. 

Proof of Theorem B. Fix a section s : M — > L, let = s*(a), and let V be the 
connection associated to 9 by Theorem A. Define V by specifying its action on 
the frame, {Fj}. For conditions [T1 and to hold, V must be defined to satisfy 
X = Ea = V%Ea , and VxX = X. Then there can be written 

Vj^^Ep = -f 0(E^Ep) + P{Ea,Ep)X, 

where P is an arbitrary (2) -tensor on AI and O is an arbitrary (2) -tensor on M. 
The proof will show that P and O are defined as follows. Pij and Qij are defined 
as m and (I221I), and the remaining components are 

(3.4) QaO=0 = Qoa, 

(3-5) P^.^^y^P^p + ^^'Q^p, 

(3.6) PiO — 2^^^'' Pip — 2{n-l){2n~l) ^^Qv ~ TT^'^i ^''PgP' 

(3.7) Poo^-l_vJ'Pop-;7^(2P^« + g^')P,p, 

(3.8) OaP ^ = 2{Sa "P;3 ''+Sp°Pa^- Sa "Sp " Po ^) + 5a Q fi ^ - ^So ^LUafS- 

where Pa is defined hy Pa'' — Pa'^5q^ , and similarly for Qa 

So that uniqueness may be shown in passing, suppose now that P and O are 
arbitrary. It will be shown that conditions determine P and O uniquely as 
defined above. Computing Vf2 using %\.2\ shows that|3lholds if and only if Oa\jk] ~ 
0, 2Pai — OaOi, and Oap'^ = —^oJap, and these are satisfied by (|3.8(l . Using 
Lemma I2. 21 it is easily verified that a connection on TL satisfying conditions 111 and 
El satisfies El if it satisfies |6l for a single choice of section s : M — > L. Define a 
connection, V, on M, by VxY — p^.{Vj^Y). Then the difference tensor of V and 
V is O, and by Lemma f2. 21 this implies 0(ij) ° = and that there is 7^ such that 
0(ij)k = 2j^iOjj)k- Tracing this and using O^jk] = gives OpiP = 2{2n - 1)7^. 
Skewing Vfi = gives ^uk] — 0, and computing directly using ^ and O gives 
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Rijtyo ^ = Tij ^ ■ Imposing Rjoo = gives Riqoo ^ ^ tjqQ, and with f[jjK] = 
0, this iniphes f is completely trace free. Using |2l gives = Tig — fig'^, which 
implies = « + 20[iy] « = 20[i^] Since Oiq « = 0, this gives Oq., « = 0, so that 
7i = 0, and hence 0(^ij-jk — 0. Now Oijk is skew in ij and symmetric in jk^ and 
so Oijfe = 0. The only components of O not determined in terms of P are Ooij. 
Define Qij = Ooij — 2Pij and Qao = = Qoa, and note that O must satisfy H3.8|l . 
Note also that = Oo[ij] implies 2P[ij] = — The proof will be completed if 
Paf3 and Qij can be determined uniquely by the remaining conditions. 

Direct computation using conditions ^ El and|3lof Theorem B, Oij = 0, and 
the definition of the curvature tensor gives 



(3.9) 


Rijk 


I _ 


R^jk ' + 2d[, + 2LUk[jP,] ' + 2LU,jPk ' + Lu.jQk ' ^ W.,jk 


(3.10) 


Roij 


k _ 


Roij ^ ~ Paj^i ^ ~ i^ijPo ^ ^ 2'ViPj ^ — V iQj ^ = Cij , 


(3.11) 


Rijk 


oo 


- 2V[jPj]fe + Ty PPpk + ujk[]Pi]o + ^ijPok = Uijk, 


(3.12) 


RijO 


oo _ 


-- 2V[,P,]o + PPpo + cj,,Poo + 4P,pP, P = 2V^j, 


(3.13) 


Roij 


oo _ 


' 2V[oPi]j — jWyPoo ~ 2PipPj P — PipQj P = Aij, 


(3.14) 


RoiO 


oc 


= 2V[oP,]o+4PopP^P = 2P,. 


(3.15) 


RlJoa ^ 





Here H3.9|l - H3.14ll define the tensors Wijk Cijk, Aij, Bi, Uijk, and Vij. Once it has 
been shown that P^p and Qij must be as in (|2.23|) . H3.6|l - H3.7|) . and (|2.24|) . then 
Wijk'' and Cijk can be checked to equal the tensors defined in l|2.25|l and 12.26(1 . 
Vil ~ implies Rij{kl) — Rijkl- Using this and (|3.15l) . all the components of 
RijKL not listed are derivable from those listed. For instance, RijQ = 2Uij and 

Using n and El gives P/ooj ^ = 0, and with f^jj^^ — 0, this gives Rjj = ff^ + 
Riqj''- Using conditions I1I2I it is easy to check that Riao = = Rod and -Rooo- 
Direct computation shows that -Rooo — QpP — 2PpP — 2QpP, so that imposing 
Rooo = forces QpP = 0, and hence also PpP = 0. Tracing (|3.15|) and using 
condition[2limplies Poooo — 0, and using also Ri,j(kl) — Rijkl gives Sooi — Sjoc ~ 
0. Using H2.17|) or Rij(kl) = Rijkl shows that S'[y] = 0, so that requiring P^ = 
and Sij — gives the three linear equations R[ij\ — 0, R[ij) = 0, and Sij — 0, in the 
three unknowns P[ij\, P(ij), and Q(ij), and so uniquely determine these unknowns, 
provided the equations can be solved. Straightforward computations using (|2.15() 
and (|3.9|l show that the unique solutions of this system of equations are Pij and 
Qij as defined in H2.23|l and (|2.24() . Imposing Rio — and computing using (|3.10|l 
determines Poi uniquely as in 1(3. 5|l . Imposing P^o = and computing using ((3.11(1 
and 1(3.5(1 determines Pio uniquely as in ((3.6(1 . Finally, imposing Rqq — and 
computing using ((3.13(1 determines Pqo uniquely as in ((3.711 . 

There remains to verify the claims regarding the situation of vanishing contact 
torsion. Direct computation using 0[y] = —^So'^uJij gives 

(3.16) Tij'' ^ Tij'', Toi''—Qi'^, faf3°" ~ 2P[ap], Tij'^=0, TiQ " = 0, 

When the contact torsion vanishes, Pij — ^Rij is symmetric, and Qij = 0, and 
so, by ((3.16() . if the contact torsion vanishes, the ambient connection, V, is torsion 
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free. The other components of S are 

(3.17) 5,0 = 2t/p = -4VPPp, + 2P,o + 4(n - l)Po», 

(3.18) 5oo ^WpP = 4VpP% + 4{n - l)Poo + 8Pp,Pf«. 

When the contact torsion vanishes, 1)3.6(1 and 1(3.5(1 imply P[io] = and using these 
and 1(3.7(1 in 1(3.17(1 and 1(3.18(1 shows that Sia — and 6*00 = 0. Alternatively, 
applying conditions^ and |2l shows that V'^tqu = V'fg/j. Using this, contracting 
the first Bianchi identity, using T[i,jk] = and that f is trace free shows 

(3.19) 2Rij + Sij = -2V«f,/j - iTpqj. 

and the vanishing of Sio and Sqq then follows from the vanishing of f and the Ricci 
curvature of V. □ 

The following remarks are made for use in Section lOI ((3.11(1 . ((3.17(1 and ((3.18(1 

give immediately 

(3.20) C/.p^ = P[,o], ApP = ^Roo = 0, VpP ^ ISoo- 

Using HTM . UTT^ . and (|T^ gives 2(1 - n)\/PQp, + V^Qip = r^'i'' Rp^^i = 
rP'^^Wpqri — 2PP'^Tipq. Usiiig this, ((3.5(1 . and ((3.6(1 . 5^0 may be computed from 

(Eni). 

(1 - n)S^o = 2(1 - n){VPQp^ + 2P[,o]) = rf«'-(T^p5„ + 2c^„Pp5). 

The quantity t^'^^ {Wpqri + 2ujriP[pq] ) is independent of the choice of scale. This can 
be verified by direct computation using ((2.361) and 1(2.38(1 . Alternatively, it follows 
by computing S with respect to frames on L determined by different choices of scale 
and using the vanishing of Sij, Sooi, and Sjoo- Similarly, Sqq = 8VPP[op] —AP^'^Qpq 
follows from ((3.18() . If S'^o vanishes then S'qq is independent of the choice of scale. 

Also note for later the following. Let V be defined by|Bl Using ((3.2() . condition 
ini and (E31) gives 

(3.21) V^wy ^ 0, Vo^Op = ^LOo^p, Va = \VL. 

Remark 3.1. The formulas for the transformations of P and O under a change of 
scale are derivable consequences of Theorem B, rather than necessary constituents 
of its proof. It is possible also to prove Theorem B by defining V as above, simply 
defining P and O by ^TT^ . (|T^ . and ^^-^J^. Verifying that the V so defined 
docs not depend on the choice of scale requires computing explicitly how P and O 
transform under a change of scale. This is computationally intensive, requiring, for 
instance, the verification of the following transformation rules. 

(3.22) fP,o - P.0 = V,7o - 27,70 + 7^(2V,7p + 4P,p), 

(3.23) /2Po, - Po. = Vo7» - 27o7z + 7^(2V,7p + 4Pp, + Qp. + 2rp,,7«), 

(3.24) /4Poo - Poo = Vo7o " 7o + 7^(4Vo7p + 47'Vp7, + 4Pop + 2Ppo) 

+ 7^(127'Pp, + 27'Qp,). 

Remark 3.2. An isotropic submanifold, iV, of the contact projective manifold, 
(M, H) , is totally geodesic if every contact geodesic of M tangent to TV at one 
point lies on A^. The contact geodesies of M lying on such an N determine on A^ a 
path geometry. A^ is, in the usual sense, a totally geodesic submanifold of (M, V), 
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for any V representing the contact projective structure on M; consequently it makes 
sense to restrict to N such V, and, moreover, the contact geodesies of M lying on 
N are the unparameterized geodesies of this restricted connection. If any other 
connection representing the contact projective structure is restricted to iV, the 
geodesies of the restriction will be also the contact geodesies of M lying on N , and 
so M induces on iV a well-defined projective structure. Formally, this is evident 
from H2.8|l . Because the restriction of w to a path vanishes, 1)2. 8|l implies also that 
every contact geodesic of a contact projective manifold acquires a flat projective 
structure. Associating to the totally geodesic isotropic submanifold, N C {AI,H), 
the submanifold p^^{N) gives a bijection between totally geodesic isotropic sub- 
manifolds of the contact projective manifold {M, H), and totally geodesic isotropic 
submanifolds of (L, V) containing the vertical. 

3.3. Canonical Subordinate Projective Structures. The contact lines of the 
flat model contact projective structure are a subset of the family of all lines in 
projective space, the latter family constituting the flat model projective structure. 
Theorem l3 . 2l shows that something similar happens for any contact projective struc- 
ture, namely there are canonically determined paths transverse to the contact struc- 
ture and filling out, with the given 4n — 5 parameter family of contact geodesies, 
a full projective structure. The contravariant part of the projective Weyl tensor of 
the projective structure obtained in this way is a constant multiple of the contact 
torsion. 

Definition 3.1. A projective structure on {M,H) having among its geodesies a 
full set of contact geodesies is said to be subordinate to the contact projective 
structure determined by those contact geodesies. 

There may be many projective structures subordinate to a contact projective struc- 
ture. 

Theorem 3.2. To each contact projective structure there is associated a canon- 
ical subordinate projective structure the projective Weyl tensor of which satisfies 

R — —It 
^ijk — 4, ijk ■ 

Proof. For each choice of s, the ambient connection determines on M a connection 
defined by Vx^ = p*(Vj^y). The difference tensor of the connection determined 
in this way hy s — fs and V is h.ap'^ = ^(a^p)" , where 7 = dlogf, and so 
these connections determine on M a projective structure. It will next be shown 
that the geodesies of this projective structure are the projections to M of the 
unparameterized geodesies of V transverse to the vertical. For any X e T{TM) 
tangent to the image, p{L), of the unparameterized geodesic, L, of V, there is / 
so that Z = X + /X is tangent to L. That L is a geodesic means that Z A S/zZ 
vanishes along L, and computing p^,{Z AV zZ) shows that X AVxX vanishes along 
p{L), so that p{L) is an unparameterized geodesic of V. By (|3.21|) . Vd — ^ui, so 
V admits a full set of contact geodesies, and it is evident that these are the images 
in M of geodesies of V tangent to kera. If V is the connection associated to 9 
by Theorem A, then the difference tensor of V and V is Oajs''. Lemma [2.21 and 
the explicit formula, (|3.8|l , for Oaf3 show that V has the same contact geodesies 
as does V. This implies that the projective structure determined on M by V is 
subordinate to the given contact projective structure. 
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The condition Bijk — ~\Tijk is an invariant condition, as both sides rescale in 
the same way under a change of scale. In order to compute Bijk ° it is necessary 
to work with a symmetric representative of the projective structure. Let V' be the 
symmetric part of V and let R'^pf ^ be its curvature tensor. The difference tensor 
of V' and V is K^p — Of^ap) — ^Tap^ ■ Direct computation gives 

(3.25) Vjp = ^ujaf3, V>y = 2(5„ °P[j-,] - ir.j- PtUp^, V>,o = 2P„, + iQ„,. 

Because V' is torsion free the Ricci identity and 13.25|l give 

By definition, Ba/s^" = Kp^" + S^^^Pp]^ " 2P[„^]<5-., where R'^p is the Ricci 
curvature of V and P^^ = 2(^iKp " Ti^'lap])' and so Byfe « = P^^, « = -iT»jfc- 

□ 

When the contact torsion vanishes the canonical subordinate projective structure 
is linked to the given contact projective structure in a stronger way; the Thomas 
ambient connection and the contact projective ambient connection are the same. 
By (I2.1|l . a square-root, L, of the bundle of positive contact one- forms is canonically 
regarded as a ^th-root of F. Under this identification the top exterior power, f2", 
of the ambient symplectic structure on L is naturally identified with the canonical 
ambient volume form. If the contact torsion vanishes, then the ambient connection 
V is torsion free and parallelizes the volume form, fl". By Theorem B, V satisfies 
all the conditions of Theorem 13.11 The volume form determined on M by the 
choice of section, s, is identified with 9 A (i6'"~^, where 9 is the contact one- form 
determined by s. The proof of Theorem 13.11 shows that V determines on M a 
projective structure for which the connection V is the unique torsion-free affine 
connection representing the projective structure and parallelizing 9 A d9"^^ . 

On a contact manifold (M, H), a projective structure is called contact adapted, 
if among the unparameterized geodesies of the projective structure there is a full 
set of contact geodesies, and if the projective Weyl tensor satisfies Bap-y ° = 0. 

Corollary 3.1. To each contact projective structure with vanishing contact torsion 
there is associated a canonical subordinate contact adapted projective structure, and 
every contact adapted projective structure arises in this way. 

Proof. In this case V = V and (|3.25|l shows V^cJa/S = ^P'y[a5p\ ° and computing 
as above shows that the curvature satisfies —Rap-y ° = 2S[a "^/3]7 + 2(5-^ '^P[ap] ■ The 
identification of the projective and contact projective ambient connections shows 
that the same tensor Pap is determined by either V or V, and from this there 
follows BaP'j ° = 0. Moreover, given a contact adapted projective structure it is 
easy to see that it must be the canonical projective structure subordinate to the 
contact projective structure that it determines. □ 

In it was observed that the ambient connection associated by Theorem 13.11 
to a contact adapted projective structure makes parallel the canonical symplectic 
structure determined on the ambient space by the contact structure on the base. As 
was remarked in the introduction, even in the case of vanishing contact torsion the 
results here are stronger than those of ^Hl because the existence of a full projective 
structure is derived rather than assumed as a hypothesis. 
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Remark 3.3. Theorem 13.21 could be proved directly without using the ambient 
connection. Let V be the connection associated to 9 by Theorem A. Define V' by 
letting its difference tensor with V be 0(^^/3) ~ 5''"q/3 (so V is the symmetric part 
of V), and observe that the torsion free connection, V', admits the given full set of 
contact geodesies. Direct computation using H2.8|l - H2.10|l . H2.36|l . (|2.37() . and (|3.23() 
shows that the connections associated by this construction to different choices of 
scale have the same unparameterized geodesies, so determine a projective structure 
subordinate to the given contact projective structure. It is straightforward to check 
directly that when the contact torsion vanishes, V = V' is the unique representative 
of this projective structure making parallel the volume 9 A d9^~^ . 

Remark 3.4. A Cartan connection gives a notion of development of paths. Once 
there is in hand the canonical Cartan connection of Theorem C this can be used to 
recover the existence of the canonical subordinate projective structure of Theorem 
13.21 as will be explained in Section ing 

3.3.1. Obstruction to Flatness for a Contact Projective Structure. 

Theorem 3.3. // the contact torsion vanishes the components of the curvature of 
the ambient connection are all expressible in terms of Pij, Cijk, Wijki, and their 
covariant derivatives, as follows. 

(3.26) Ay- = 5^ (VpC, " + 2Wp„,jPP«) , 

(3.27) '^ijfe = -C'[y]fe = Y^^VpWijfe 

(3.28) = (VpV,C«f , - 2Qp,PP«) , 

(3.29) v., = = 5^ (V,q,,] P - W,,p,PP'^) . 

A contact projective .structure of dimension at least 5 is flat if and only if the contact 
torsion and the contact projective Weyl tensor vanish, and a three-dimensional 
contact projective structure is flat if and only if the contact projective Cotton tensor 
vanishes. 

Theorem 13.31 follows also by applying, to the Cartan connection of Theorem C, 
Proposition 14. II and Theorem 2.9 of 22 on the vanishing of harmonic curvature 
components. 

Proof. Because = 0, the first Bianchi identity for V gives Rijop — ~2i?o[y]Pj 
which implies Uijk = —C^ij]^ and the truth of H3.26|l coupled with l|3.12ll implies 
that A[y] — —Vij. Alternatively, A[y] = —Vij follows from (|3.13(l and (|3.12|l using 
(E2I), and (pTTIl, and ( 2n ~ l)Cfa ]fc = VpM^.jfc ^ follows from There 
remains to prove H3.26|l and (|3.28() . By (|2.25|l and the Ricci identity, 

(3.30) Wp,, "P, P = 2V[,Vp]P,- P-2{n- l)P,pP, p - uj.^Pp «P, p - VqP,, . 

Expanding the definition, (|3.13|) . of Aij, using (|3.5() - H3.7|I . and computing 2{n — 
l)Aij + VpCijP using H2.26|l gives twice the right hand side of (|3.30|l . proving 
(|3.26|l . To prove 1)3.28(1 proceed as follows. Tracing the Ricci identity applied to 
V[pVq]Py in p and q and using H2.15|l gives WpWPPij = (1 — n)WoPij, which with 
(I22EI, if^^ . and |(223l, gives 

(3.31) VpCP y = VoPy + J^{y^ypPJ " + VpP, p). 
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Applying the Ricci identity gives 

(3.32) 2V[,Vfe]VpP,P = -cjqfcVoVpP,^' - i?,,, 'VpPs". 

Tracing (|3.32(l on q and k and subsituting into the traced covariant derivative of 

(|OT|l gives 

(3.33) 

-iV,VpCf«, = VpVoP»^+ 2;^(VgV,VpP«P + (l-n)VoVpP,P~2nP,,VpPP''). 

The R icci id entity gives VpVoPj ^ = VoV^P^ ^ + Pop* "Pq ^- Using this in JX^ : 
using H2.26II to rewrite Poyfc in terms of C^fe; and substituting into the result the 
trace of (|3.32() in q and i gives 

(3.34) 

4PP«VpP,, + ^{2{1 - n)VoS/pP,P + 4(n + 2)P,,VpPf« - 2V,VpV,PP«). 

Expanding H3.14|l using (|3.5|) - (|3.7|) and substituting into (|3.34|) shows 

(3.35) 2(1 - n)B, + V^VpC^^ , = 2Cp,,P^'' + 8PP'^W[,Pp]^ ~ ^p^^sj^ppi. 

The proof of (|2.41|) shows that the right hand side of H3.35|l is expressible in terms 
of PP'iVMipq "^[271- l)PP9q,p],, and this gives 

If the ambient connection is flat the proof of Theorem 13.21 shows that it is the 
Thomas ambient connection of a flat subordinate projective structure, and that the 
Thomas ambient connection parallelizes a symplectic form. From this there follows 
that (L, ri, V) is locally equivalent to (V, Cl) with the flat Euclidean connection, 
and by functoriality of the ambient construction this shows that the given contact 
projective structure is flat, so that the vanishing of the curvature of the ambient 
connection implies the contact projective structure is flat. The preceeding shows 
that the vanishing of r^j ^ and Wijk ' (or of Ctjk in three dimensions) implies the 
ambient connection is flat. □ 

The existence of non-flat contact projective structures with vanishing contact 
torsion may be demonstrated using the set-up of Section [T5l By Theorem 12.21 and 
the accompanying discussion, the difference tensor, A, of the flat contact projective 
structure, [V], described in Section and the most general contact torsion-free 
contact projective structure, [V], is an arbitrary section of A. The curvature of the 
representative V G [V] associated to 9 by Theorem A may be computed explicitly in 
terms of A. Using the basic facts about irreducible representations of the symplectic 
group found in 26 or 10 , the following facts may be proved. Given a fixed point, 
p, on a contact manifold of dimension at least 5, and an arbitrary trace-free tensor 
aijki such that a\^ijk\i = 0, a^ij\ki ~ oiijki ~ aij{ki)i there exists a contact projective 
structure with vanishing contact torsion such that the value of Wijki at the point 
p equals aijki- Given a fixed point, p, on a three-dimensional contact manifold, 
and an arbitrary tensor such that a(ijk) = o,ijk, there exists a contact projective 
structure such that the value of Cijk at the point p equals a^fc. Finally there 
may be constructed a contact projective structure for which the component, Sio, 
of the traced curvature of the ambient connection does not vanish at a point. The 
proof uses Weyl's First Main Theorem for the invariants of the symplectic group, 
(Theorem 6.1. A, p. 167, jSE)), the complete reducibility of representations of the 
symplectic group, and the Littlewood-Richardson rules for the symplectic group. 
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4. Canonical Cartan Connection 



The canonical Cartan connection of Theorem C is constructed from the ambient 
connection by using the tractor formaUsm developed by Cap-Gover in [3] and fol- 
lowing the pattern of the conformal case treated in W . This approach was suggested 
to the author by Rod Cover. Section ^31 describes the algebraic normalizations on 
the curvature of the Cartan connection of Theorem C. 

4.1. Definition of Tractor Connection and Canonical Cartan Connection. 

Choose a square- root, L, on the co-oriented contact manifold, {M,H). Let Sr : 
L — > L denote the principal M^-action of r. Denote by £[k] the real line bundle 
associated to L by the representation of on M given by s • t = s^'^t. Sections 
h € T{S[k]) are in canonical bijection with functions /i : L — > R of homogeneity 
k, in the sense that h{Sr{p)) = r''h{p). It will be convenient to write £^^^"'-''[k] = 
f [A:]®((8)«(iJ))(8)((g)P(F*)). The Jacobi identity shows that the Lie algebra, Vec(L), 
of vector fields on L is graded as a Lie algebra by the homogeneity degree, Vec(L) = 
©/cgzVeCfe(L). More generally, if S* is a tensor of homogeneity I and X G VeCfc(L), 
then &xS has homogeneity k + I. U X € VeCfc(L) and Y £ Vec;(L), expanding 
2Va(X, Y) = n{X, Y) shows that VxY € Vecfc+/(L). 

Let (V, il) be the standard representation of G, as in Section 12.41 and choose 
coordinates so that 0. satisfies (|2.12|l . Call a frame, {Fj}, on L, symplectic, if 
il{Fj,Fj) = ri/j. Call a symplectic frame adapted if F^ — X. Because fl is 
homogeneous of degree 2, and X G Veco(L), it must be that Fq G Vec_2(L) and 
all the Fi G Vec_i(L). By definition, 2a(Fo) = 1. An adapted symplectic frame 
is easily constructed as follows. For 9 = s*{a), choose on M a 0-adapted coframe 
and dual frame such that co = \^ijO^ A 9^ , and set Foo = X, Fi = t~^Ei, and 
Fq = ^t~^T. TL is canonically filtered by the vertical subbundle, T^L, and its 
ri-skew complement, T^L = kera. 

The tractor bundle, T, is the rank 2n quotient of TL by an action, P^, on TL 
covering 6^ and leaving invariant Vec_i(L), and defined by Pr{Z) = r~^(5^-i *{Z). 
By construction, the space of sections, r(T), is identified with Vec_i(L). Because 51 
has homogeneity 2, it descends to T as a fiberwise symplectic form, also denoted ft. 
The Pr-invariant filtration T^l c T^L C TL descends to a fihration c C T. 

Lemma 4.1. There is a canonical isomorphism of graded vector bundles 



Proof. Sections of T^ are in bijection with vector fields on L having the form /iX, 
where h G r(f [— 1]). This shows f [— 1] — T^. U Z E Vec_i, then the homogeneity 
1 function, ri(X, Z), corresponds to a section of £[1], and it vanishes if and only if 
Z corresponds to a section of T^. This shows T /T^ ~ £[!]. For X G r{TM) and 
h G r(£[— 1]), hX G Vec_i(L) so corresponds to a section of T. The image in T/T^ 
of the section of T so determined does not depend on the choice of horizontal lift, 
X, as any two horizontal lifts of X differ by a vector field of the form gX, where 
g has homogeneity 0, and as ghX corresponds to a section of T^. The section of 
T/T^ determined by X and h lies in /T^ if and only if X is a section of H, and 



The bundle of filtered symplectic frames in T is the principal P-bundle, 
TT : Q ^ AI, the fiber over x of which comprises all filtration preserving symplectic 



(4.1) 



GrT = © tVt2 © r/ri ~ © r[-i] © £[i]. 



this shows «) £[-1] ~ T^/T'^. 



□ 
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linear isomorphisms u : (V, f2) {Tx,ftx)- The fibers of the vertical subbundle 
VQ C TQ are linearly isomorphic to p, so VQ carries a filtration induced by that 
of p; namely for i = 0, 1, 2, V^G — U- The tangent bundle TQ carries a canonical 
filtration modeled on the filtration, fi, of g and uniquely determined by the re- 
quirements that the projection onto TM induced by tt* is a filtered surjection and 
that inclusion of VQ is a filtered injection. By construction the quotient TQ/T~^Q 
has the orientation induced via from the chosen orientation on TM/H. The 
projective tractor bundle, P(T) Af , does not depend on the choice of L, so is 
intrinsically associated to the co-oriented contact structure on M. The fiber P(7^) 
is a copy of P(V) osculating M at x, and the point of contact is the distinguished 
point, ¥{T^). A principal P bundle, Q M, the bundle of filtered projective 
symplectic frames, is defined by letting the fiber over x £ M comprise all pro- 
jective symplectic linear isomorphisms u : P(V) — > P(7^) mapping P(V') to P(Xj') 
for i — 1,2. Explicit computation shows that the differential of the lift to L of an 
element of CO^{M) commutes with Pr, and so descends to a vector bundle auto- 
morphism of T. The induced fiber bundle automorphism on P(T) does not depend 
on the choice of square-root L, so that CO^{Af) acts naturally on T and P(T) and 
consequently also on Q and Q and their associated bundles. 

Any representation J/ : P — > GL(E) determines an associated bundle, £ — Qx^(p) 
E, and sections, i, of £ are in canonical bijection with P-equivariant functions, 
t : Q v.. The projection defined by mapping (u, u) G 5 x V to u(v) G TTr(u)j 
where u Cz Q is viewed as an isomorphism m : V — > 7^(„) , descends to give an 
isomorphism of filtered vector bundles between the associated bundle, Q XpY, and 
T. The equivariant function corresponding to the section, t, of T, is defined by 
t : u —)■ u~^(t(7r(u))). The symplectic form on T is recovered by f2^(„)(s,t) = 
Ct{s{u),i{u)). Because P acts trivially on V'^, the bundle of frames in may be 
identified with the P/P = R"" principal bundle Q/P ^ M. By Lemma lO the 
subbundle is canonically identified with f [— 1], and the bundle of frames of £[— 1] 
is by definition L. This recovers L from Q as the quotient Q/P. Q is a principal 
P-bundle over L, and it could have been realized directly as a reduction of the 
frame bundle of TL, the fiber over p € L of which comprises all linear symplectic 
isomorphisms u : V — s- TpL such that u{voo) = Xp- A useful by-product of this 
observation is the identification of TL and the associated bundle Q Xp V as filtered 
vector bundles. Because P acts trivially on V^, the constant function Voo on Q is 
P-equivariant, and it is the P-equivariant function corresponding to X S r(rL). 

Given X e r{TM) and t e T{T) represented by Z G Vec_i(L), define Vxt to be 
the section of T represented by V^Z G Vec_i (L) . The connection V defined on T is 
independent of the choice of s as any two horizontal lifts of X differ by a vector field 
of the form /X, where / has homogeneity 0, and VxZ = for any Z G Vec_i(L). It 
is easily checked that the connection, V, on T parallelizes il. The connection, V, is 
non-degenerate in the sense that for any section, t, of there exists a vector field, 
X, on M such that 'Vxt ^ T'^. In the terminology of [Sj, ^ is a standard tractor 
bundle, Q is an adapted frame bundle, and the connection, V, on T is a tractor 
connection. Theorem 2.7 of 3 shows that a tractor connection, V, determines on 
TT : Q ^ M 8L Cartan connection, 77. The construction of rj is recalled here, though 
[HI should be consulted for the verifications. For each u € Q, X E T{TQ), and 

t G r(T), the linearity of the map V ^ V defined by i{u) iV^^^)t)iu) - Slxi{u) 
follows from the Leibniz rules for £x and V7r,(jt). It is easily checked that this 
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linear map preserves SI, so lies in g. Because g is simple, it acts effectively on V, so 
'r]{X) is defined uniquely by 

(4.2) rj{x) ■ t - v^)t - £xi, X e r(r^), t e r(r). 

Note that the right hand side of H4.2|l is a P-equivariant function if and only if X 
is invariant under the action of P. That 77 is a Cartan connection is the content of 
Theorem 2.7 of j^j. The non-degeneracy of the tractor connection is the key point 
in showing that rj induces a linear isomorphism TuG — 0- The other properties of 
a Cartan connection follow from careful unraveling of the definition of 77. 

Let E be any P-modulc for which the induced action of p extends to an action 
of g. The Cartan connection, rj, induces on the associated bundle, £ = Q xp E, a 
covariant differentiation defined by 

(4.3) = -i, X e r{TM), t e T{£), 

where X is any horizontal lift of X to a vector field on G- Because t is P-equivariant, 
£,vi + vi^) ■ i — for any vertical vector field, V, on G, and this shows that X 
may be chosen to be invariant under the action of P, in which case the right hand 
side of H4.3|l is P-equivariant, and this shows that H4.3|l is well-defined. When 
E = V, the induced covariant differentiation, V, is the tractor connection V. It 
may be checked that rj is a (g, P) Cartan connection on the P principal bundle 
G ^ L. In this case, the induced covariant differentiation on the associated bundle 
PL ~ X p V is the ambient connection, V. 

The curvature of V is defined by P''(X, Y){t) = [V^, V^]t - Vl*^ ^jt. Recall 
that the curvature of rj is defined by K — di] + rj Arj. It is straightforward to check 
(as in Proposition 2.9 of I3|) that the curvature of V acts via the curvature of 77, 

(4.4) WiX,Y){t) = K{ri{X),jj(Y)) - t = A'(X,F) -t. 
Define the curvature function, k G C°^{G, A'^is/P)* ® fl)' of V by 

(4.5) K{u){hi,h2) ^ Ku{v-\hi),rj-\h2)) = [h^, h^] ~ Vu{[v'\hi),7j-\h2)]). 

The Z-grading of g induces a Z-grading of A'^{g*_) (S) g hy homogeneity degree. If 
cr G A^(0l) (g)g, then cr'^*' maps Qj x g^. into Qj+k+i- A Cartan connection is regular 
if = for i < 0. 

4.2. Explicit Description of Tractor Connection. In this section, rj is the 
Cartan connection constructed from the ambient connection. The tractor connec- 
tion is described explicitly for use in the algebraic characterization of the curvature 
normalizations imposed on 77. 

Via the horizontal lift, the choice of s determines a P^-invariant splitting PL = 
T^L © © span{f}. As Vec_i(L) is naturally identified with r(T), this splitting 
induces an isomorphism (depending on s), T ~ f [— 1] © ® £[—1] = £^ . If 

G r{£"^), the corresponding Z G Vec_i(L) has the form 

(4.6) Z ^ S°°X + S'Ei + ^S^f, 

where the are the corresponding homogeneity —1 functions on L. Though it 
would be natural to work with the isomorphism T ~ £[— 1] © 1] © £[1] induced 
by s and (I4.1|l . to do so would require systematic utilization of weighted tensors, 
e.g. the canonical symplectic pairing on f [— 1] induced by the Levi form H x H 
TM/H ~ £[2]. Because of the way the ambient connection was described it is more 
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convenient to work with the isomorphism T ~ £^ induced directly by the sphtting. 
r(T*) is identified with the space of one-forms on L homogeneous of degree 1. The 
sphtting of TL given by s induces a dual isomorphism T* ~ E[l\ ®Ei[l\ ©£[1] = Sa- 
Raise and lower indices using the symplectic form, 17, on T, and let £a be the vector 
bundle dual to £^ . If za = (zoo Zj zq) is a section of £a, the corresponding 
homogeneity 1 one-form, (3, on L may be written as 

(4.7) 13 = ~z^d\ogt+ ~z,P*{B') + 25oP*(0). 

The connection, V, associated to 6* = s*{a) by Theorem A induces on £[k] and 
connections which will also be denoted by V. By definition of the horizontal 
lift, V ah = dh{Ea). Direct computation of V^j.Z and Vj.Z using H4.6(l yields 

(4.8) V„ = V„zP + 5„"(2P,P + Q,P) P„P 

The curvature of V is two-form on M taking values in the endomorphism bundle 
of T. It is computed by [Vq, V^Jz"^ -I- Tap '^'V^z^ — TZapB "^z^ , where Tafj " is the 
torsion of V. For h ^ £[k] and z^ e ^''Wi the Ricci identity gives 

(4.9) 2V[„V^]/l-t-r„^"V,/l = 0, 2V ^a^ p-^Z^ + Tap^V aZ^ ^ RaPq^ z'^ ■ 

Direct computation using H4.8|l . (|4.9|l . (|3.2l)|) . and (|2.3U|) gives 
(4.10) 





(z°°\ 




z« 




i ,0 / 



Uija ^ii \ i 2U s' 



. p 







CI p 




~Qiq 


-2Us^ 



"Tljq Qllj]/ \ 

where the tensors U, V, A, and B are defined in H3.11|l - H3.14|l . and it should be 
recalled that Qij = ~2Wipj p. If the contact torsion vanishes, these simplify to 

(0 -C[ij]q -A[ij] \ /O Aiq Bi 

W.jqP -Cy^3f\, 7^o,B'^= A,P 

/ \0 

Example 4.1 (Contact Hessian). For h e r(f [fc]), the exterior derivative dh is a 
one-form on L, homogeneous of degree k, so may be regarded as a section of T*. 
Using (|4.7|l . the components of d/i, viewed as a section of £a^ may be written as 

(4.11) DAh = {kh Vjh iVo/i) . 

Taking /i G £[1] and applying the tractor connection to 14.11|l gives 

(4.12) V,DAh = (0 L,,h ^V,Voh - P^^Vph ~ \P,oh) , 

V^DAh = (0 VoVj/i -f (2Ppj -f Qpj)VPh - Poj/i ^VqVo/i + PopV^/i - iPoo/i) . 
(|4.12|l shows that the operator, L : r(£[l]) r(£y [l]), defined by 

(4.13) Ly/i = V.jVj/i \ui,jVah - Py /i, 

is an invariant differential operator. That is, Lijh = Lijh. Alternatively, the 
invariance Lijh follows from the transformation rules for the covariant derivatives 
of a -A/2n-density, h G r(f [A]), 

(4.14) V,/i - V,/i = A7,/i, /^Vo/i - Vo/i = A70/1 + 27PVp/i. 
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Because the connection induced by V on the canonical bundle is flat, the Ricci 
identity implies 2V [iV j]h + nj "Vah — 0. Tracing this gives VpV^h = (1 — n)\/oh, 
so that the trace free part of ViVjft — Pijh is Lijh. The skew part of Lijh, L^^j^h 
is first order and vanishes when the contact torsion vanishes, so it makes sense to 
focus attention on the contact Hessian, — V t^iV j)h — P[ij)h. 

The projection TL — > T induces a projection (g)*(rL) (^$*{T) on the full tensor 
bundles. Denote by '^J^ a section of ®*(T). The tractor operator _D//i^J '^^ 

is defined by lifting the section ^^J '"^'^ to an appropriately weighted tensor on L 
to which the ambient connection is applied. The resulting tensor is projected down 
to give a section of (g)*(T). This allows the iteration of the tractor D operator. 

4.3. Contact Projective Structures Induced by Cartan Connections. Let 

{M, H) be a co-oriented contact manifold and tt : Q M the corresponding P 
principal bundle of filtered projective symplectic frames. The purpose of this sec- 
tion is to explain how a Cartan connection, 77, on ^, satisfying an appropriate 
compatibility condition induces on M a contact projective structure. Each choice 
of a square- root, p : L — > Af, determines a P principal bundle tt : C/ — > M and a 
double covering ^ : Q ^ Q. The quotient G/P recovers L, and tt : 5 ^ L is the 
induced P principal bundle. A Cartan connection, rj, on n : G ^ M pulls back via 
$ to a Cartan connection, also denoted 77, on tt : Cy — > M, and will also be viewed 
as a Cartan connection on tt : ^ — > L. The group of principal bundle automor- 
phisms of G acts on the Cartan connections on G by puUback. A principal bundle 
automorphism covering the identity on M will be called a change of gauge. A 
change of gauge ip : G ^ G has the form ipiu) = u ■ p{u) where p : — > P is the 
P-equivariant function corresponding to a section, p, of the bundle G >^Ad{P) P- 
The puUback Cartan connection has the form = -^d{p^^){ri) +p*(wp), where 

wp is the Maurer-Cartan form of P. The only case in which '>jj*{ri) = 77 is when 
p is a constant function and Ad{p) acts trivially on g. A choice of L determines a 
unique lift of a bundle automorphism of ^ to a bundle automorphism of G- 

Call an 77, on 7f : ^ — > M, compatible with the co-oriented contact structure on 
M if 77 is regular; if the isomorphisms, rj : T^G — > 0, are filtration-preserving; and 
if the induced isomorphisms, TuG /T^^G — s/f-i, are orientation-preserving. It is 
evident that compatibility is a gauge invariant condition. Compatibility implies 
7f*(r7~^(f_i)) = H and that the image of 7r,(77~^(eo)) is consistent with the given 
orientation on TM/H, and so, with regularity, that r/ induces the given co-oriented 
contact distribution and its conformal symplectic structure. A (0,P) Cartan con- 
nection ?7 on TT : ^ — > M will be called compatible if it is induced by a compatible 
(0, P) Cartan connection on tt : ^ M. Henceforth assume all ry are compatible. 

Viewing 77 as a Cartan connection on the P principal bundle, tt : ^ — > L, denote 
by V the affine connection induced on TL = x p V by H4.3() . Call contact 
non-slip a compatible Cartan connection for which V^X — X E r(r^L) for all 
X G r(r^L). Using the definition of V it may be checked that 77 is contact non- 
slip if and only if (V^a)(y) = Y) for all X,Y e T{T^L). Likewise VX = S 
if and only if Va ~ ^fl. If ?] is the Cartan connection defined from the ambient 
connection, V, by (|4.2|) . then VX = (5 is condition ^ of Theorem B. Lemma [4.21 
shows that this condition should be interpreted as fixing a gauge. 

Lemma 4.2. A given compatible (g, P) Cartan connection on n : G M is 
equivalent by a Go-valued change of gauge to a contact non-slip Cartan connection. 
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Two gauge equivalent contact non-slip (g, P) Cartan connections are related by a 
-valued change of gauge. Moreover, a given contact non-slip Cartan connection 
is equivalent by a unique P^ -valued change of gauge to a Cartan connection for 
which VX = S; consequently, every compatible (g, P) Cartan connection on tt : 
Q M is gauge equivalent to a unique Cartan connection for which VX — S. 

Proof. For a compatible rj let a : U C L ^ be a local section and set cj) — a* (77) . 
Under a change of gauge, il} :Q ^ Q, as above, is replaced by )((/>)+&* (wp), 

where b = p o a : U ^ P. Write (t){X) — X'^ipQ with respect to an adapted 
symplectic frame, {Fj}, on L, and represent (pQ e g by a matrix, 




Because e^o £ P, r]{X'^'^) — Coo, and because 7f,(X'^°°) = X, a^{X) — X''°° e ri^^{p), 
so (/"(X) • = Coo • Wcx) = Voo- This shows A^o °° = 1, A^o ^ — 0, and Aoc " = 0. 
From the compatibility of r] there follows (j>{X) G f_i if and only if X G T^L, and 
this implies ° = 0. Regularity, Ai^ = 0, and Aoo ° = 0, imply that Ai ^Aj ''Upq — 
^{cl>{F^) ■ Voo, <l>{Fj) ■ Voo) = ln{[<j>{F,),cl){Tj)] ■ Voo, Voo) = -a{cj,{[F„Fj]) ■ Voo) = 
Ao'^ujij. Compatibility implies Aq'^ ^ c^ > 0. Let Bq^ be the unique symplectic 
matrix such that cBg^Ai^ — Si^. The change of gauge given by 6 : L — > Gq 
defined by b^^ — exp(c^^Woo ® + Bp'^Vq (8> + cvq (8> v°) produces a contact 
non-slip connection. As the image in P/P of b is non-trivial, the contribution of 
b*{ujp) under this change of gauge is non-trivial, effecting the components Ai°°. 
Because the adjoint action of P on P/P is trivial, 6*(ajp)(X) G p, and the identity 
Aoo °° = 1 persists. Thus every compatible Cartan connection is gauge equivalent 
to a contact non-slip Cartan connection. Now suppose given a contact non-slip 
Cartan connection and set = Aq'p and jq — Ao°° — JsAq For b : U ^ P"*" 
defined hy b = exp{'ypVoo <S) vP + jPvp (g) v" -\- 70^00 » Ad{b-'^){(j>) -f b*{ujp) 
satisfies VX — 6. Similar easy computations show that gauge equivalent contact 
non-slip Cartan connections must be related by a change of gauge of the form 
b = cxp{jpVoo ® f ^ + J^Vp (g) w° + 70W00 ^ G P^. The same computation shows 
that a change of gauge preserving the condition VX = S must be trivial. □ 

Recall Cartan's notion of development as described in section 4 of chapter 5 of 
[T7j . If 7 : [a,b] = I ^ G is any lift of 7 : [a,b] = I ^ M, there is a unique 
c : I ^ G such that c*{ujg) = 7*(??) and c(a) = e G G, where lug is the Maurer- 
Cartan form of G. While the curve c depends on the choice of lift, its projection 
\1/ o c : / ^ G/P is well-defined up to the action of P on G/P, and is called the 
development of 7. (Note that in the proof of Proposition 4.13 in ^Tj Lemma 
4.12 of jJTj is misapplied to incorrectly conclude that the projection into G/P of 
c does not depend on the choice of hft; the issue is the choice of a basepoint). 
Two parameterized curves with the same path develop onto curves with the same 
path, so it makes sense to say that the development of a path on M is a member 
of a P-invariant family of paths in P(V), e.g. it makes sense to say that a path 
develops onto a line. Since the family of contact lines (resp. all lines) in G/P is 
invariant under the action of P on G/P, the statement that a path in M develops 
onto a contact line (resp. line) in G/P is independent also of the choice of Cartan 
connection representing the isomorphism class of r/. If 77 is the Cartan connection 
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built from the ambient comicction, direct computation as in the proof of Proposition 
8.3.5 of IE] and using the exphcit description of 77 imphcit in (|4.8|l shows that the 
paths of ry which develop onto isotropic lines are exactly the contact geodesies and 
the paths which develop onto lines are exactly the geodesies of the subordinate 
projective connection of Theorem l3.2l Consequently, for an arbitrary compatible 77, 
it makes sense to define the induced contact projective structure to comprise those 
contact paths in M which develop onto contact lines in G/ P. There are in general 
many Cartan connections on Q inducing a given contact projective structure. 

A compatible -q induces on the G principal bundle, C/ Xp G — > L, the G principal 
connection, /i, induced by the connection fi^fi = Ad{h~^)(TTg(r])) + i:q{ujg) on 
Q X G, where ttq and ttq are the projections onto the factors of x G, and lug is 
the Maurer-Cartan form of G. ^ x p G is naturally identified with the symplectic 
frame bundle of TL and the induced V is just the affine connection on L induced 
by /i. Moreover, if c : / — > G is associated as above to the lift 7 of 7 : / ^ M, then 
7(t) = [7(i), c~^{t)] is a horizontal curve, ^ : I ^ Q xpG, covering 7. Using this it 
may be checked that the paths in L which develop via 77 onto lines in V are exactly 
the unparameterized geodesies of V. Evidently these are the horizontal lifts of the 
paths in M which develop onto lines in P(V). 

Using (|4.3|l . it is straightforward to show that, for compatible f], V'ft — and 
V^X = X. Let r'' and W' be the torsion and curvature of V. Using that 77 is 
contact non-slip and V^X = X, and computing directly the curvature shows that, 
for all X,Y € T{T^L), t''{X,Y) - R'^{X,Y)X e T^L. The curvature function, 
K{hi, /12), of rj vanishes whenever either hi or h2 is in p, so, by (|4.4|) . i?''(X, X)X = 
K{T]{X),r]{X)) ■voc=0, and consequently t''(X,X) e T^L for aU X e T{T^L). 
Next the induced contact projective structure is described more analytically. For 
a section, s : M ^ L, let 9 = s*{a) and define an affine connection, V, on M by 
VxY = p,(V^y). For a contact non-slip rj, the restrictions to T^L x T^L of Va 
and agree, and this implies that SymVfl vanishes when restricted to H x H. By 
Lemma f2. II the geodesies of V determine a contact projective structure. Because 
77 is contact non-slip, 

(4.15) V^f-f = (V^,X-f)-Fr''(X,f) gT^L for Y eT{H). 

In particular, p*(V^K) —Y. If s — fs and direct computation using H4.15|l shows 

that the connection, V, induced on M by s determines the same contact projective 

structure as does V. Moreover it is straightforward to check, as in the proof of 

Theorem 13. 21 that the contact geodesies of the induced contact projective structure 

are the images in M of the paths of the geodesies of V transverse to the vertical 

and tangent to kera. By the remarks above the geodesies of V tangent to kera 

develop onto contact lines in V, and hence their images in M develop onto contact 

lines in P(V), so the induced contact projective structure is the same as the contact 

projective structure defined using development. To show via the tractor connection 

that gauge equivalent contact non-slip Cartan connections, 77 and fj,, induce the 

same contact projective structure, choose s : M —^ L and compute the difference 

tensor. A, of the connections p*(V^Y) and p*(\/\Y). Computing directly using 
jc jc 

(|4.3() and Lemma IT!^ shows that Kij ^ — j'^cuij +jjSi and Ay " = Wy . By Lemma 
12.21 the induced contact projective structures are the same. 
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4.4. Algebraic Characterization of Curvature of Canonical Cartan Con- 
nection. The purpose of this section is to reformulate conditions |4l and |5l of The- 
orem B as algebraic conditions on the curvature function of the associated Cartan 
connection, and to prove Theorem C. 

There is a co-boundary operator, d : A'^((0-)*) ® Q ^ A'^^^HQ-)*) ^ 3i (see 
[7711. defined when fc = 2 by 



Any invariant, symmetric bilinear form, B, on g is a constant multiple of the Killing 
form, and so B gives an identification (p"*")* ~ 0_. Let be a basis for g_ and let e" 
be the B-dual basis for p+. The formal adjoint with respect to B of the co-boundary 
9 is a boundary d* : Q ^ gl ^ g defined by B{d*ip, (j)) = -B{^, d(j)) for 

ip e d* : A^(fl-) ® and € g* (8) fl. Via the linear isomorphism, g/p ~ g_, 
induced by B, the adjoint action makes g_ a P-module; it can be checked that d* 
is P-equi variant. Recall that a Cartan connection is normal if d*K — 0. 

Because the tractor connection, V = V, is the induced connection on the 
associated bundle, G XpY, its curvature, TZ, may be computed from the curvature 
of 77, as in (|4.4|l . By H4.10|) . k_2 = 0; in particular, rj is regular. The isomorphism 
77 : TuG — > Q induces an adjoint map rf : Q* ^ T*G- Because kerB(e", — ) = f_i, 
and A(i(P)(g„2) = 0-27 the image under tt* of the horizontal subbundle of T*G 
spanned by rf{B{e^, —)) is the annihilator of H . Let e/ and vi be as in Section lT^ 
and define a frame on M by i^i = 7r*(77^^(ei)) and T — 7r*(7/~^(2eo)). Choose 6 such 
that 9{T) = 1 and Q annihilates H. Because 7r*(0) is a multiple of ?7*(i3(e", -)) 
and K_2 = 0, d9{Ea, Ep) = 2u!af3, so that is a contact one-form with Reeb 
field T. Choose also a 6'-adapted coframe dual to the given frame. By H4.4|l the 
components, K{ei, ej), of the curvature function are identified with the components, 
TZij, of the curvature of the tractor connection, and 2K(eo,ei) = TZoi- Choose 
B so that with respect to the standard representation, p : Sp{n,M.) Gi(V), 
B{x, y) — ifr {p{x)p{y)). With respect to the basis vj •^v' of g C V (g) V*, 

ei ^ Vi ^ v°° ~ LJiqVo ® v'' , eo = wo®w°°, e^^, ^ Voo ® v°° - ® v° , 

Proposition 4.1. The Cartan connection, rj, is normal if and only if the underlying 
contact projective structure has vanishing contact torsion. 



Proof. In general d*K{x) = [e", K{ea,x)] — ^K{ea, [e",a;]_), which gives 

d*K{ej) = [e", K(eo, e^-)] + [e\ K{e„ ej)], d*K{eo) = [e\ K(e„ Cq)] - 5^(6^, [e\ eo]_). 

Direct computation of d*K{ej) using H3.20|l . and direct computation of d*K{eo) 
using [e\eo] = -uj^^ej, fOT^ . (|?3T|) . and (jT^ give 



If d*K,(ej) = 0, then Tj(pq') = 0, from which follows — 2Ti(^jf^) — '^'''jiik) ~ -^Tijk, 
so that d*K — implies the contact torsion vanishes. On the other hand, r^fe = 



d(j){xi,X2,X3) = Cycle [Xi • 4>{X2,X3) - (j){[xi,X2],X3)] . 
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implies Qij — and P[ap] = 0, and, by (|3.20() . it implies also Vs^ ~ and Us — 0. 
(E31), (E2ni), and (TTlTIl show Us% + 2Usq " = -Ts/PPp^ + (2n - l)Pog = V^Qp,, 
so that Us^ q + "iUsq * vanishes also. Thus ''^ = implies d*K{ea) — 0. □ 

The goal of the remainder of this subsection is to describe the P submodule, 
K- C C^(0_,g), appearing in the statement of Theorem C. Given a compatible 
(g, P)-Cartan connection on the principal P-bundle Q M, let V — V be the 
induced covariant differentiation on the associated tractor bundle T — Q x p V. 
Let Ti-afj be the components with respect to Ea of the g-valued curvature two-form 
of V, so TZij — K{ei,ej) and TZoi — 2K{eo,ei). Because the rj constructed from 
the ambient connection always satisfies k_2 = 0, it will be assumed that k_2 = 0, 
which implies that TZ has the form 

-hijq -aijj \ -biq -QiJ 

where dij[gp] = and (ii[gp] — are forced by the requirement that these matrices 
are in g. Rewritten in terms of k, the Bianchi identity, dK — [K,r]], becomes 

(4.17) dK{hi,h2,h3) + Cycle /12), /13) + £,pi(,,,)(K(/i2, /is))] - 0. 

In (|4.17|l . £^-i(^j)(K(ft,2, /13)) is the Lie derivative of the function K{h2, /is) : G ^ Q- 
Because k„2 — 0, H4.17|l implies (9K)_2(eQ, e^, e^) — 0, giving 

(4.18) Cycle ([ei,K_i(ej,efc)] + tJijK_2(eo, efc)) = 0, 

(4.19) [eo,Ko{ei,e-j)] + [e^, K_i(ej, gq)] + [e^, K_i(eo, e,;)] = 0. 

As [e/c, K_i(ei, Cj)] = 6ijfceo, (|4.18|l shows b[ijk] = 0. Direct computation using 
(14.19(1 gives Qij — — 26[ij] so that TZafiB^ has the form 

26[2j] '-^ijq ^ij \ I ^iq 

-bijq 2b[^j]J \ -biq -Qi 

Because of the curvature and torsion normalizations of Theorem B, the curvature 
of the Cartan connection, 77, built from the ambient connection has the form ((4.1()|l 
and satisfies additionally, 

Wp i =0, ^ipj ^ — ~'^Qij} Upi P = P[oi] , Cp = 0, Ap = 0, 

which motivate Definition 14.11 In Definition 14.11 and Lemma 14.31 n should be 
understood as an element of the P-niodule C^(0_,g). 

Definition 4.1. The subspace JC C C^(0_,g) comprises k of the form (|4.20() . i.e. 

(4.21) K-2 = 0, Ojj = -b[^j], b[,jk] = 0, 

and satisfying the following additional requirements 

(4.22) bp,P = 0, 6p^ = 0, bpP = 0, 

(4.23) Cpi ^ — o,^, dipj ^ — ^"ij 5 dp ^ — ^1 dp i — 0, Cp ^ — 0. 
Lemma 4.3. IC is a P -submodule of C'^{q^^q). 
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Proof. For 6 G P, let = ad(b){ea), let k = b ■ k, and write kap — k{ea,ep) — 
Ad{b^^){K{eon 6/3))- The adjoint action of P on g_2 is trivial which suffices to show 
the P-invariance of the condition k_2 — 0. Assuming 14.2f|l . direct computation 

* —2/) —d ^ + b ■ —In A-lr- ^ 

(4.24) d*K{ej)^\ bjPq + bjgP -2bjP + bP j - dj.P' 
-bij ^ 

(4.25) aV(eo) - ( 6^ p + 5% + % p -d, '^p + aP + ic, 

bs' 

From these it is apparent that in the presence of H4.2f |l the requirement that 
d*K e C^(0_,p) is equivalent to 14.22|l . Representing 6 e P+ by exp(7ge' + ^Jqc") 
and computing directly gives = and eo = eo + J^Sp, from which follow 
kij = ad{b~'^){Kij), and k^i — ad{b~^){Koi + j^Ksi), for b 6 P+. Further direct 
computation gives the components of k^p — Kap, 



(4.26) 


km 




(4.27) 


h ■ P 


-hjP = o, 


(4.28) 


^ijk 


- Ci-jk = -27fe6[y] + 7o6ijfe + ikYhjp + l^di^kp, 


(4.29) 


dijk 


' — dtjk ' = hj ^Ik + Vhjk, 


(4.30) 




- = -47o6[,y] - 27o7^6yp + 27^Cijp - J^j'^di^pq, 


(4.31) 


di - 


ai = 2-fPbip - -fPbp, + j^jPbqip, 


(4.32) 




-h — -yPb ■ ■ 


(4.33) 


d - 


- dij bi + l%j + Y {dpij + Jjbp, + -f%ij 


(4.34) 


Cij - 


- Ci-j = aaj + 7o6.y 

+ 7^ hjbtp + d^jp + Cpij - -ij-iqbpr + j'^dpijq) , 


(4.35) 


ei - 


Ci = 2-foai + Y (2qp - 27o6ip + Cpi) 



- YY {dipq + 2jobpiq - 2Cpiq + j"" dpigr) . 

Represent 6 e Gq by 6 = cxp(/~-^tioo ® + FqPvp ® + Jvq ® w°), where 
Fi PPj ''ujpq = ujij. For such b direct computation gives e; = fPi Pcp, and cq = /^cq, 
from which follow 

k,j^adib-'){fF,PP,'iKpq), ko^ = ad{b-^)ifF,PKop), for 6 G Gq. 
Defining Gp * by PiPGp^ = , further direct computation gives 

^uv f ^uvpFq P f Guv 

(4.36) k,j = fP, "P,- I r^Gq Pbuv " duvr 'Gs PPq fCuvsFP' 

sq^uv ^UV 



/ Gsqbuv 



f ^up^q ^ f 
(4.37) ko^ = fP^ " I f-^Gq Pbu « Gs PPq "^dur ' fGq Pc, 

/ bupFq ^ Gil 

(1133, 11231, and l|T?7jl show directly the P-invariance of the condi- 

tions Qij — —b[ij], b[ijk] — 0, and (j4.22|l . The P-invariance of the conditions (j4.23(l 
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follows from (lO^ . (lOm . BTTTl . gSS), (IO!!ll . (IO?ll . fljTHll . and llOTIl by direct 
computation. □ 

It is desirable to find a conceptual description of K, that makes clear its P- 
invariance. The conditions in H4.2I|I other than = are purely algebraic con- 
sequences of the Bianchi identities, (|4.18() and H4.19|l . and so must be P-invariant. 
As d* is P-equivariant and p is invariant under the adjoint action of P on g, the 
condition that d*K take values in p is P-invariant, and so the equivalent conditions 
(|4.22|l are P-invariant as well. The formulation of the remaining conditions is ad 
hoc and so demonstration of their P-invariance requires explicit computations. 

Proof of Theorem C. The construction from the ambient connection of the Cartan 
connection demonstrates the existence of a regular (g, P) Cartan connection induc- 
ing the given contact projective structure, having curvature in /C, and satisfying 
VX = 5. Now let 77 be a compatible (g, P) Cartan connection with curvature 
in K. and inducing the given contact projective structure. By Lemma 14.21 r] is 
gauge equivalent to a Cartan connection for which the associated covariant differ- 
entiation, V, on PL = e Xp V, satisfies VX = 5. Let P'' and t'' denote the 
curvature and torsion of V, and recall that V'Ti = 0. From V'X = 5 there follows 
P''(X,X)X = t''(X,X), and P''(X,X)X = by 113|), so that r''(X, -) = 0. This 
shows that V satisfies conditions of Theorem B. 

Because keri?(e°,— ) = f_i, the one-form il)^ = rf{B{e°,~)) is horizontal and 
annihilates ^^"^(f-i). Because Ad{h){e^) = e° for all b ^ P, though not for all 
6 G P, '0° is P-invariant, though it is not P-invariant, and hence ■0° is the puUback 
of some one-form on L which, by compatibility, annihilates kera. Because V'X = 6, 
the frame defined in TL by Fj = 7f,(77~^(e/)), is an adapted symplectic frame, and 
from this there follows 7r*(a) = i^". By (|4.4|l . Rpqji^es = K{ep,eQ) ■ cr. It 
was already observed that R^I^qr ^ — Q and R^pq^ ^ — Tpg ^ . Because VT2 — 0, 
the Ricci identity gives R^q(^j^b-^ — R^pqab- Consequently, P^^p ° = ~Rabcoo ~ 
^RabooC = -'^ABC- By the preceeding, R'jj = R]qj'^ = R%j'^ - t^^j- Now 
expficit computations using the conditions defining /C show |4l and |5l so that V 
satisfies all the conditions of Theorem B. The uniqueness statement in Theorem B 
shows V must be the ambient connection of the given contact projective structure, 
from which there follow the identifications 

(4.38) 5ijfe = Tyfc, Cy/j — Uijk, dijki — Wijki, eij — Vij, 

(4.39) 2bij — Qij, 2cij—Aij, 2dijk — Cijk, 2ei — Bi. 

The identification Tijk = bijk and ProDOsition l4.1l show that 77 is normal if and only 
there vanishes the contact torsion of the underlying contact projective structure. 
Direct computation shows that a change of gauge preserving condition 111 must be 
trivial, so that this condition singles out the ambient connection as a distinguished 
representative of the given isomorphism class of Cartan connections. □ 

Remark 4.1. By (|4.38|1 and H4.39I) . the application to the Cartan connection con- 
structed from the ambient connection of the transformation formulae in 14.26|) - 
(|4.35|l gives the rules for the transformations of the components of the curvature 
of the ambient connection under change of scale. For example, (|4.27|) shows the 
invariance of the contact torsion, H4.29|l recovers H2.38|l . and (|4.33l) recovers H2.39|l . 
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5. Applications 

5.1. Lifting Projective Structures on Integral Symplectic Manifolds. An 

integral symplectic manifold admits a canonical contactification, and projective 
structures on the symplectic manifold can be lifted to contact projective structures 
on the contactification. This construction provides many examples of contact pro- 
jective structures. It is necessary to take the slightly unusual perspective of allowing 
the affine connections representing a projective structure to have torsion. 

Proposition 5.1. Given a projective structure on the symplectic manifold {N,uj), 
there exists a unique affine connection, V, representing the projective structure, 
having torsion, t, and such that 

1. Vlj = 0. 

2. The trace of the torsion of V vanishes. 

Proof. Raise and lower indices with lu. Let V be a connection with torsion, t, 
representing the given projective structure, and define V by letting its difference 
tensor with V be Aij/. = —Vk^^ij — ^^ijk]- As A{ij)k = 0, V represents the given 
projective structure. (j2.4|l and (j2.5|l show VfeO^ij = 0. Consequently V may be 
assumed to make parallel u). If V is another representative of the given projective 
structure satisfying Condition^ there must be a one-form, 7, so that the difference 
tensor, Aj^ of V and V, satisfies A(^ij)k = 2^^^iklj +tOjkli), and Ak[ij] = 0. 
Because a three tensor skew in two indices and symmetric in two indices must 
vanish, the most general possible choice for Ayfc is Aijk = 2n+i i^ijlk + ^iklj)- 
Tracing the difference of the torsion tensors shows that the unique choice of 7 so 
that [2I holds also is 7; — ^Tip'P . □ 

On a symplectic manifold, (N,lu), such that u represents an integral cohomology 
class [uj] € H'^{N,'Z), there is a principal 5^-bundle tt : M ^ N with connection 
one-form, 6, such that the curvature d6 — tt*u!. The kernel of is a contact 
structure on M and the infinitesimal generator, T, of the principal action is 
the Reeb vector field of 9. The collection of all horizontal lifts of the paths in a 
projective structure on N determines on A'l a contact path geometry, which will 
now be shown to be a contact projective structure. Fix V representing the given 
projective structure and making uj parallel. Define on M a connection, V, by 

V^y = V^, V_yT = 0, VtA = £tA, 

where X is the horizontal lift determined by 9 of the vector field X on N. It is 
straightforward to check that V9 — 0, Vd9 = 0, and i{T)T = 0. Moreover, if V is 
the unique representative given by Proposition 15. II then the trace of the torsion of 
V vanishes, so that V is the unique connection associated to 9 by Theorem A. 

5.2. Pseudo-Hermitian Beltrami Theorem. Recall the classical 

Theorem 5.1 (Beltrami Theorem). The projective structure determined by the 
geodesies of a Riemannian metric is flat if and only if the Riemannian metric has 
constant sectional curvatures. 

The proof, which is an exercise in using the Bianchi identities, is in pi. Next there 
is proved an analogous theorem for pseudo-hermitian manifolds. 
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A pseudo- hermit ian structure is a contact manifold equipped witli a distin- 
guished contact one-form, 9, and an almost complex structure, J, on H. Here 
J : H H is a real automorphism such that Ji^Jp^ = —5i-' and assumed to 
satisfy the compatibility condition 

(5.1) [J{X),Y] + [X,J(Y)]^T{H) yX,YeT{H). 
If in addition J satisfies 

(5.2) [J{X),J{Y)]-[X,Y]^J{[J{X),Y] + [X,J(Y)]) yX,YeT{H) 

then the pseudo-hermitian structure is said to be integrable. By assumption 1)5. 
the inner product defined on H by gij = —Jij is symmetric, and because dO is non- 
degenerate on g is non-degenerate on H. The almost complex structure J 
determines an {n — l)-dimensional complex subbundle of the complexified tangent 
bundle, Ti.o C CTAI, comprising vector fields of the ioYmX + iJ{X) for X e T{H). 
Define the Levi form, C{U, V) = ~ioj{U, V) for U,V e r(ri,o). 

In and [20], Tanaka constructed a canonical affine connection associated to 
a pseudo-hermitian structure. In the integrable case his construction specializes as 
in the following theorem, the statement of which is taken from TP. 

Theorem 5.2 (N. Tanaka). On an integrable pseudo-hermitian manifold there 
exists a unique affine connection, V, the pseudo-hermitian connection, having 
torsion r and satisfying: 

1. W = 0. 

2. VdO = 0. 

3. = i^i]5(^^ ■ 

4. Ji^Ap^ — —Ai^Jp^ where A^^ — tqq^ is the pseudo-hermitian torsion. 

By definition = 0; by Condition H Aa° ^ 0; and by lET)), Af^j = 0. By 
Condition^ Lemma ITTl implies that the geodesies of V induce a contact projective 
structure. Define a connection, V, by VjfF — VxY = A(X, F), where Aq^'*' = 
—Sa'^Ap'^. Because A(y) ^ = 0, V admits the same full set of contact geodesies 
as does V. Moreover, V is the representative associated to 6 by Theorem A. That 
V9 = and Vw = follow by direct computation using (|2.4(l . The torsions are 
related by Tap — fap ^ = 2S[a °^/3] so that tq/j ^ = Ap^ — A/j^ = 0, and = 
(so that Tip P — Q). This shows V satisfies the conditions of Theorem A and proves: 

Proposition 5.2. An integrable pseudo-hermitian structure induces a contact pro- 
jective structure with vanishing contact torsion. 

Note that, while VkJi-' = 0, VpJi^ = 2AiPJpf Let Rapj'^ denote the curvature 
of V. Lemma [2 .321 shows that 

(5.3) Rijk ' — Rijk ' — ^ijAk} , Roij ^ — Roij ^ = —ViAj ^ = —ViAj ^. 

Define a quadratic form on Ti,o by Q{Z) = C{R{Z,Z)Z,Z) for Z e r(ri,o). For 
Z G r(ri,o), Webster, [211, defined by Q{Z) = K{Z)C{Z,Zf the_ holomorphic 
sectional curvature, K{Z), of the subspace spanned by Z and Z. The pseudo- 
hermitian structure has constant sectional curvature k if there is a constant 
K so that K{Z) = K for all Z G r(ri.o). The pseudo-hermitian connection is said 
to have transverse symmetry if Aij = 0. The following theorem is the desired 
pseudo-hermitian analogue of the Beltrami theorem. 
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Theorem 5.3. The contact projective structure induced by an integrable pseudo- 
hermitian structure having transverse symmetry is flat if and only if the pseudo- 
hermitian structure has constant sectional curvatures. 

Proof. Extend Jij to Jai3 by setting Jao = = Jo/3- Because Ay = 0, the preceed- 
ing discussion shows that the pseudo-hermitian connection, V = V, is the represen- 
tative associated to 9 by Theorem A of the contact projective structure induced by 
the given pseudo-hermitian structure. By Proposition 15 . 21 the induced contact pro- 
jective structure has vanishing contact torsion and so, by the first Bianchi identity, 
TTT^ . R[af3-f] = 0. By the Ricci identity and V J = 0, 

(5.4) RaPj^JpS = —Ral3S^Jpf, 

SO that the tensor Raf^-y '^JqS has the same symmetries as does the curvature of a 
Levi-Civita connection, and a standard argument imphes that 

(5.5) i?Q/37- 

By the non-degeneracy of , i?oy "^Jqk = Rjko ''Jqi = imphes R^ijk = 0. Since 
Tijk — and Wijki — 0, expanding (|5.4|l gives 

(5.6) —RikJjl — RjkJil + ^jkRi^Jpl — (^ikRj ^Jpl — 2uJijRk ^Jpl + 

RilJjk — RjlJik + l^jlRi ^Jpk — i^ilRj ^ Jpk ~ "^UJijRl ^ Jpk- 

Set R = RpqJP''. Tracing (|5.4|) in ij and using I2.15|l gives Ji^'Rq^Jpk = -Rik, so 
that tracing H5.6|l with J-'' gives 

(5.7) 2(n - f = J,jR, 

(5.8) An{n - l)Rijki = R{ujjiJik ~ LOiiJjk + ^^jkJa ~ LOikJji ~ '^^ijJki)- 

When 2n — 1 = 3 the hypothesis is Cijk = 0, and when 2n — 1 > 5 Lemma 12.71 
shows that Wiju — imphes djk = 0. So Ci^ijk) = 0, which, by = Roijk, l|2.29|l . 
and (j5.7|l . imphes = 2n(ri-i) '^iij^k)R- Tracing this with J'-' gives V^i? = 0. By 
the traced second Bianchi identity, H2.21|l . and the vanishing of i?oyfc, Voi?y — 
—VpRoijP = 0, so, by (|5.7|l . = Jij\IoR, and tracing this shows Voi? — 0. Thus 
i? is a constant function. Using H5.4(l in (|5.8|l gives n{\ — n) Ripki Jj ^ x'' x'' = 
Rg,jgkix'x^x^x\ which imphes n[n - l)Q(Z) = RC{Z,Zf for aU Z G r(Ti,o), so 
that the pseudo-hermitian structure has constant sectional curvatures. 

Assume given the contact projective structure induced by a pseudo-hermitian 
structure with transverse symmetry and constant sectional curvatures. Using (|5.5() 
and the other symmetries of Rijki shows RpquJi^Jj'^ — Rijki- Polarizing the 
equality of quartic forms n{l — n)RipkiJj ^x'^x^x^x^ = Rgijgux^x^ x^x'' given by the 
assumption of constant sectional curvature gives Rp{ijkJi)^ = cg(^ijgki), and using 
(1^ . RpqkiJi^Jj '' = Rijki, and relabehng gives 

(5.9) Rijki - Rjkii + RpiqiJj '^Jk ^ = c{ujjigki + ujjigik + tojkgu). 

Tracing (|5.9|l in ij and using RpquJi ^Jj = Rijki and (|5.5|) gives (|5.8|) . for a suitable 
constant, R. This implies (|5.7|) and hence Wijki — 0, so that if the dimension is at 
least 5, the contact projective structure is flat. In three dimensions, Roijk = 0, so 
Cijk = 'k^iiRjk), which vanishes by (|5.7I) . □ 

Example 5.1. In V. Matveev studies the space of Riemannian metrics projec- 
tively equivalent to a given Riemannian metric. An analogous problem is to describe 
the space of pseudo-hermitian structures determining the same contact projective 



40 



DANIEL J. F. FOX 



structure. Two pseudo-hermitian structures are homothetic if their contact one- 
forms differ by a constant. Two pseudo-hermitian structures represent the same 
CR structure if their contact one-forms differ by a non-vanishing scale factor. It is 
easy to prove that conformaUy equivalent Riemannian metrics determine the same 
projective structure if and only if they are homothetic. Similarly, using lfTH|) and 
the analogous formula for the transformation of the pseudo-hermitian connection 
under a change of scale, it may be shown that, if the dimension is at least five, two 
integrable pseudo-hermitian structures representing the same CR structure gener- 
ate the same contact projective structure if and only if they are homothetic. The 
idea for the following example of non-homothetic, contact projectively equivalent 
pseudo-hermitian structures comes from Matveev's description, 15 , of Beltrami's 
example of projectively equivalent non-homothetic Riemannian metrics. Any linear 
conformal symplectic automorphism, A, of (R^",ri), determines the contactomor- 
phism, X ipix) — \Ax\~^Ax, of S*^"^^. As A preserves linear isotropic subspaces, 
tp preserves the intersections with S"^""^ of isotropic subspaces. These intersections 
are equatorial spheres each of which is everywhere tangent to the contact hyper- 
plane. In particular, t/j maps contact lines on 5^""^ to contact lines, so is an au- 
tomorphism of the standard flat contact projective structure on S*^""^. Equipping 
C" with the standard Hermitian form the imaginary part of which is fl induces 
on the unit sphere, S"^"^^, the standard pseudo-hermitian structure. Because ?/; 
is a contactomorphism, the standard pseudo-hermitian structure on S*^""^ may be 
pulled back via tp. Asip preserves contact circles, the contact geodesies of the pulled 
back pseudo-hermitian structure are necessarily the same as those of the standard 
pseudo-hermitian structure, tp is a homothety of the standard pseudo-hermitian 
structure if and only if it agrees with the restriction to S*^""^ of a scalar multiple 
of a unitary linear transformation, and it is easily checked that this happens if and 
only if ^ is a scalar multiple of a unitary transformation. Consequently, if A is 
not a constant multiple of a unitary transformation, then these pseudo-hermitian 
structures are not homothetic, though they induce equivalent contact projective 
structures. 
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